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many obligations I an under 10 jour Lordſhips 
rather than with an expeftation of being able to 
Mer any thing worthy of acceptance, I have prefumed 
to ſolicit your Lordſhip's name and patronage 10 
the following ſheets, well knowing that juſt opinion 
the world has long fince formed of your profound 
abilities in the deepeſ® mathematical reſearches. 
Suffer me, then, my Lord, to preſent you this 
humble ſpecimen of the produce of that tree, which, 
if it has produced any thing good, owes. all 10 
your generous and diſintereſted culture—and believe 
me to be, with the greateſt reſped, 


Tour Lordſhip's much obliged, 
And devoted humble ſervant, 


| : Jom HOWARD. 
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1 THE PREFACE. 


reward, is confined to a very ſmall circle, Of the 
merit of the immortal Newton, little was known in 


his life-time, and of the generality who now acknow- 


ledge it, how linited are dhe numbers that underſtand 


huis works, 


Of the uſefulneſs of mathematical Meg in gre; 
all civilized nations are agreed; and of that part, 
particular, to which theſe elements tend, the late A*. 
advances made in terreſtrial and celeſtial calculations bear 


ample teſtimony, From geographical 'confiderations of its 


properties, the ſurface of the globe has been explored in 
almoſt every poſſible direction ; and by the ' utireraiting 


labours of a Herſchel, new woflds have been added to this 


Planetary ſyſtem, and, probability oro _— 0/5 

Proof that there are an 3ifinity of others. AN 
Vet, whilſt Fack ene eee ve u . 

e eee Fitthe appears (ut Teak 


to me) to have been . attempted” towards the diſeovery of 


der principles, From whence other, and perfiaps more im- 
portaut, properties might be obtained ;\ and while tlie 
doctrine of lines in pm, has been generally and uni- 
formly improving, che doctrine of the ſphere has ſeureely 
made a ſingle advance from that point of improvement where 
the ancients left it, altho” the uniform curtature of its 


ſektions with plane furfaces, the varkety and, burmsny of its 


external and internal Hues, and the infinite number of 


curves that may be dGclineteck on its farkace, render it 
* purfuit of a much more noble and extenfive nature. 


Conincel of the great "abilities of the leading +" 


Rbians" bf the preſent age and country, I by no mea 


lay claim to ſuperior faculties; I have only humbly nut- 
Wee e amd +1 * 
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amply - recompeneed for the Adem te fllowidg? Meets 
have coſt me, ſhould it meet with their apprebation ; and 
what 1 have done on fo intereſting u ſubject, induce ſome 
png pg ee, e Pa 
defign. Fits Soo 114) e e e ee 


. is inks; 0 SH:09095* 51 2 
Book I contains the fundsthental prinefples of ſpherieat 


great eireles of the ſphere 3” but, in general} ſich 3b are 


conipeſed of eireles of leſs"'radii. A abet that 1 do 


dot hacer bas before been aktempted. .... 
BOOK II contains the fundumeis 

Hesl qusdrangles, with ſome added properties of ſpherical 

2 and "determines che meaſurement ef ſolid" angles. 
BOOK HI contains n great many ririous" properties of 

4 . lines, and circles drawn” from given pomte within 

end without the furface of the ſphere; aud terminating in 

the cireumferentce of | given” ſphetical” citcles; alfo ſome 

curious LOel of ſpherical angles and krfangles, 8 of 

lines drawn 80 ſphericat und ey Radrteak furfäces, amel 

to ſome” of tie plane LOef of Apollomus. And here the 


reader will find many beautiful analogics between che pro. 


perties of kues drawn to meet in the” furfuee of the . 
0 of thoſe daun to meet nr "It land, 


Is » 2 2 2 ©. "5 »4 * A 5 o 4 8 1 "Py, 8 8 ff 4 Þ - 0 = — 1 * 
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ad In the courſe of my "reſearches o on oh Tobjec,. 1 In pre 5 nn 


communicated | many "of my Qfeoverics' to my krfends and pupils 2 


that confidence has been abhufedl, and ſeverat of theſe have altendy 
been publiſhed in various periodical publications (ſee, in 3 
Art. Lucubrations in ſpherics in the Mathematical "Repolitory): _ But 

whoevez, will. compare the methods of demonſteat ion aunenech to the 
{ame NE OE we TR bree 
discovery. e 4 
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I have diſcovered in my reſearches upon the ſubjeR. _ 


i 


BOOK IV ineludes the -doQtrine | of . ſpherical man- 
ima and "mitima ; and here, I. believe, will be found 4 
variety of bew and uſeful properties relative to triangles, 
polygons, Kc. not conſined to figures compoſed of great 
circles of the ſphere ; but, in general, extending to ſuch 
as are compoſed of cixeles of - lefs radii, including the 
remarkable problem which determines the curve, that under . 
a given perimeter, includes the (greateſt ſpherical ſurface, & 
as alſo an extenſive throrem of ſolid maxima and *' minima, 
BOOK V (or I of the applicatian) contains the con- 
firuQion of ſpherical problems deduced from the foregoing 
principles; many of which will, I truſt, be found uſeful 
in aſtronomical reſenrches: and here is included, a ſeries 
of curious problems, amlogous to thoſe which VIETA 
has conſtruQed is plano, and that FERMAT: has extended 
to planes and ſpheres 3 beginning with determining a eirthe 
on the ſphere that ſball-paſs through two -giyen points, 
and touch a eircle gien in magnitude and poſition,” and 
ending wich finding a circle on the ſpberg that ſimll touch 
three other circles given-in magnitude and: poltin. - 
BOOK, vi (or ut ec de application} comains 
e of eee eee 
CC 
40 his line, though he cannot with it fathom all the depths 
« of the ocean; +. and therefore I preſume it will not be 
deemed impertinent to point out ſuch properties and limits 


ON, 4+ OOO RN AO Ae 


wean etomidate cio Kerb 
g HM — ++ 


* * 


EL 


welt as that propoſition”  — 
+ Locke on the — 


Inn Era is 


aches remaining as. — geometrical. defulerata} 
the compariſon - fe Thin dinero 
to ſuch aualogies as ariſe from continua biſeion. + 

II. From the eee 
ſpherical triangles, none can be ſimilar but thoſe whoſe ſides 
and angles. are all equal each to each f nor are theſe pro- 
pertics, even in triangles compoſed of gheat circles, always | 
ſufficient to prove ſimilarity. For che two equal triangles 
into which an iſoſceles ſpherital triangle may be divided, 
though alike in every other reſpect, have not the required 


property of coĩneidenee 3 but wien the data are applied to 


thoſe compoſed of circles of different. magnitude, it will 
be neceſſary alſo to prove that the centers of the equal - 


4Ste T. m4 1 5. A enn * e Wor war 
II. From theſe premiſes it would ſeem that the conſtrue- 


2 or-demonſtrations of ſuch theorems 


in ſpheries as are ſimilar to thoſe which, in plane, are 
folved: by the application of proportionality or ſimilarity, 
vould be impracticable. The contrary, however, is parti- 
cularly inſtanced in dhe {glutions..of F B. J. 


1 4 
> 
= 


P. 15. and 48. of the application in Profeſſor Simpſon's 
Geometry; and alſo of T. 24. and 25. B. I. which are 
ſimilar to T. 31, and 34. B. H. of Ma, Emerſonm's Ges- 


metry, the e eee eee ee 
very uſeful obſervation. f n i 9 1 2 1 
IV. "That the, ite , esel fee e e 
be greatly implified by determining thoſe lines. or points 
wherein the planes of circles meet each: other, by which 
— Hy et CERNER 
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(See alſo. L. . and 2. B. I. and P. ee B. 1. 
of the conſtruction of ſpherical problems. 9 0 
1 7 · A 5 | 
alſo ſeem that problems of the ſphere, | ſimilar to ſuch! as 
are ſolved in plane, by fuch means would alſo be infolublez 
but this deficiency may alſo be - ſupplied, - an inſtance/-of 
which. occurs in T. 24. B. which is fimilar to T. 37. 
B. II. of Mr. Emerſon's Geometry, mentioned before. 

VI. It has been explained (OB. II.) chat the fimilavity 
of ſpherical triangles. can only be proved when both equa. 
lity and coincidence are included in the data; the converſe; 
however, . viz. the equality of ſpherical triangles, - - whoſe 
equal ſides and. angles are oppoſitely ſituated; - may -clearly 
be demonſirated; for- it is proved in T. 10. B. II. that 
trianglea compoſed. of arches of different circles, - may, undes 
ſuch circumitances, be equal; and in great eirele triangles 
not only. generally ſo, but that the applied angles will alſo 
be equal. (See F. 6. B. II. and its corollaries ))) 
VII. The indefinitely varied ſummation of ſpherical an« 
gles (mentioned in OB. II)] has however its peculiar advan- 
tages; for hence the angles alone determine the triangle; 
(T. 18. and 19. B. I.) and as geometricians have . 
arches for the meaſures of angles, theſe in great circle 
triangles compaſe the ſides of other ſupplementary triangles, 
(T. 1. B. II. of the conſtruſtion of ſpherical problems) or 
the contrary z by which means the data may often be 
reduced to others, ge IE wy oy 
and 8, B. II. of conſtruction.) 1 ; 
VIII. Again, as any; two | . e aria be- 
nical triangle will, when produced, meet again at a ſemi- 
gircle's diſtagee from: their interſettion ; the ſyppoling theſo 
auches produced to this paint, will often kad to an clegany 


* » 4 * * 
b * 4 23 , : 4 l 
ty ao — r * 1 . "IK . * Tl * 1 
& - KA IE 8 rener 22 
1 — We " a N n % r 


y 


Trance. —© x 
analyſis, (See P. 1. and 3. B. II. of conſtruRtion, and 


alſo P. 6. of the ſame, which would otherwiſe require a 
Locus not geometrically determinate on the ſphere.) 
IX. The fimikirity of analyſis. between many problems 
in plano, and like ones on the ſphere, ſs often recurs, 
that every geometrician will naturally be led to attempt 


ſolutions by tracing. that analogy; I therefore ener it 


f is ſufficient that it is mentioned. © 7 Ps 75 1 WR. 5 : 
It may be urged as an objection to Sis Wake: pe- 


poſitions, that they are demonſtrated in too general a 
manner; and 1--confeſs, that by a divifion of many of 


them into their, particular caſes, (after the manner of Euclid 
and Apollonius) the cordllaries reſulting from thence would 


de conſiderably enlarged but then the work would have | 


been in proportion much more bulky and  Expenlive ; the 


ſame may alſo be faid of the diagrams, already very nume- : 
rous. He, however, who be inclined to purſue the 


 ſubje& in that manner, will (I have no doubt) fing his 
labour amply repaid, by the diſcovery of many beautiful 
 PORISMS,- at preſent concealed in each common maſs. 
To urge, in excuſe for imperfeQion, the plea of mis- 
fortune, may be deemed equally as impertinent as it would 
likely be wnavaiting. Confcious as 1 am that the recital 
of individual evils can ſeldom promote general good, it is 
of little moment to tell mankind that this work has been 
brought to its preſent ſtate * amidſt 'inconvenience* and diſ- 


« traction, in ſickneſs and in ſorrow z that it had its ori- 
gin in a vain endeavour to amuſe the mind under a violent 


and lengthened preſſure © of bodily pain; or that it has 
re; e e 
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THE : PREFACE. 
circumſtances explain the reaſon of its delay, they may alſo. 


ſcribers, for having ſo long procraſtinated their wiſhes. | 
The work, ſuch as it is, 1 deliver to the world, to ſtand | 
or fall by its intrinſic merit; I op 
be its fate, that I have endeavoured well: | ” 
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bobbed "THEOREM. i. - flicken 


has NS 10 


Tur ſection of a ſphere L AI B, and 


a root a circle L iI. (FI. . 
fig · 2.) mcÞ it: g ** * autre 53 +1 


2 0 alvviy wv72 6 Wo Hoiriag s booſt 
"Through O, the enn of the ſphere, draw 
the ſtraight line O Q perpendicular to the plane 
L. i I, and meeting the ſphere in A and B. 
Allo through Qin the Plane LI I Q, draw any 


ſtraight fine, I. QI, meetitig the chere in LI, 


and to any other point i, where the plane Li I 
meets the e draw Qi; allo draw _ 
L.Os, een . 
Becauſe the, points Lil, he all in — 
ſame. plane to which. O Q is perpendicular, 
in Q the triangles I. Q O. 100, and IQ 
O, have the angles at . all right, ones 
(converſe * 5. K Ef and fiace 1.05 0=10 
O. 42, B I) and QO common, they are 
equal and ſim. (4. I. E) and, conſequently, 
LQ=i Q= 10. Therefore Lil is a agony 
whoſe. centre is QO. (D. 10. B. 1 4 be 


BOOK Is SPHBRICAL) "GEOMETRY. ey 


COR. I. When the point» Q coincides with 
o, the ſe&tion L. il is a A rom ho. 1. 
fig. 30 e na bg N neden gie 

Suppaſe AB fg dr Gaiden 
ſing through i, and draw the ſtraight lines 
Ai and Bi. The triangles A O i, BO i, hay 
ing their ſides A O=BO and Oi common, and 
the angles at O both right, have the ſides A i 
Bi (4. 1. E.) and hence alſo the arch Aiaz 
Bi. (28. III. E.) And ſuppoſing the generating 
circle removed to any other poſition,, AI B, it 
may in the ſame manner be proved that the 
arch A IBI. Whence the generating points I, 
i, &c. being in all caſes at equal diſtances from 
the poles A B, the ame ith will be 
a great circle. D. 19. B. I.) 4. 6 

COR. II. The plane of every great eva Lit 
paſſes through the centre O of the ſphere. 
COR. III. If a great circle LA IB be per- 
pendicular to any ; other; circle: Lil, it paſſes 
through its poles AB. el. 1. fig · 2.) 3 
OR. W. The line 2 is "perpendicular 26 
the plane L II. Nn e Af «it 
COR. V. A ſpherical ſurface A 11 is every 
where IR from the centre O of the 
ſphere. 3 tee ene ee 16 e 48 

COR. v. 1 Ode de Sure ef Wi che 
n 33 bereden, 
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n _ 12 then will 
A bein pale. 5 2 175 

Draw the 8 Ai. ' the ma! wor: 
=i O'A=T O A. che arches AL., Ai, and Al, 
are all equal. (26. II. E.) And hence' A ib 
da pan of Lil. D. 21. B. I.) qr 

COR. VII. The ſtraight line LI formed by 
the interſection of the planes of any 1 
circles, LAI, L b I, paſſes through O, the 
centre of the ſphere.— (Pl. 1. fig. 3.) 4¹ 

COR. VIII. Great 'circles, Ti 41, 
mitually biſett each other. 

For their line AB of common interſection: 
paſſes through the centre O (C. II. 7. BLy 
and conſequently makes each of the arches, 
Ain AIB, a ſemicircle. . . 16. 3 


+ 


8 * 
Fr [4 3 7 2 * 


% : PROBLEM: I. 


Through any 1 two points, - 1, Fa on. the | 
Ghere." to ene a 1 circle. —(Pl. 40 
ol r e Hans 


* K 


i 0 to "th aide) ls tad 
draw 10 and-b © reſpectively, and produce 
one of them, b O, to meet the ſuperficies on 


do deſeribe an ga 


"ot 


ef FF W. 
| points 1ba (5. V. E. Pins circle, and 
the thing 18 : R nh 1 

By conſtruction, the 
the ſurface of the ſphere, and alſo in the ſame 
plane, paſſing through its centre O. 
fore, ba is a great circle. (C. II. T. I. B. I.) 

. COR. I., Only one great circle, R can 
hs through two points, I, b, * ry Ee. 
ſemicircle diſtant upon the ſphere: By. 

For no plane but one, 10 b, can X 


- i 1 2 
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Upon a a given. arch A en the 


o . * 5 
b 2 5 7 * * 2 
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with — dende - eres AC. LAN 


(by P. I. B. I.) through C, Vbere thels-drdles 
meet, and A, B, deſcribe the great circles A 


ely, and the thing is done. 
- Becauſe A is the pole of the circle B C, the 
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arch AB=AC.; and A the ſame ee 


A B=B.C, Hence (A. 1.) A B=AC=BC. 
Whence (D. 35. B. I. and rr 


We is an equilateral * a 


— 1 1 | „ . 


PROBLEM | 111. 


, rf a Wer point A on the ſplicke, 


= 23 ; to draw an arch AL ITY, to a given 
1 | | arch B CG {PL L. ig. . n 6% 
1 From the point M's 4. 1 24 bf 


and upon it deſcribe the equilateral triangle 

DAB, . II. B. I.) and produce the great cir- 

cles DA, DB to L and G; from the centre 

B, at the diſtance BC, deſcribe the circle CG; 

and from the centre D, with radius DA. de- 

ſcribe the circle GL. Then is AL=BC. 
"Becauſe the 1 B is the pole of c. 

B C is -B G; OD. 21) and becauſe; D is the 

pole of GI., D LSD G, OD. 21) and DA 

DB by . rn, re 2 


oy 6 4 
3 . 
. * — w 2 
2 o 
5 * 
* 
„ 
* 
e 489 11 „ FI pus, eig wits 4 . - 4 N 7 
» Y 9835 8 * — 2 * us 4 Lage Wes, Cas, es A — - 
— 
1 g o We. © a. 4 
es n 1 Nr 
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al 1 4 WA an BS r 45 


as i 
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'F rom 1. Fug greater of two. given 2 a 


AB and C, to cut off a ene eee 
leſs C—(PL *. Hg..) came , fs. a. 


8 "4 7 5 * / + q 7 L ; 
MN * + \ ©, \ 5 "A 
* * * 4 fs s 


From the point A draw the arch 
to C; (P. III. B. I) and from the centre A, 
24 the diſtance AD, deſcnbe- the circle DE. 
Then, (D. 21. B. I.) AE=AD=C by con- 
ſtruction. 


PROBLEM 3 


* * r 2 4 ws > wy TIE! 14 


To biſect à given my AB 'B of 40) 
circle AI B on the ſphere.—(PE f. fig. 1 1. 


on , K * «> 4 63.4 U ES 64 5 4 & N — 4 
SIONS) ICED ' Bil emi ni A 
2 ' U 


— 


— 
. 
% 


Compleat the circle AI B. and. 
chord A B. From the centre O of the eircle 
AI B, on the plane AI B, let fall ON perpen- 
diculay to AB. wed 8 will meet 


5 ak a 1 mar, (A. 1. 20 2 
angle A OG BO; and hence che arch Al 
=BL. "(26 II. „„ 


ne Fer 
1 
* 1 


wi 


- . is - * * 
RI * 7 7 & \ 44 ws 1h 3. 1 2 
I rr ol & * . Y FR S | ; i ARE, , 'F i 
* Ce 4 i : 4 4 - * 1 I 4 at "ad 
1 * » 
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2 


— 


5 COR. I. Draw OV n to the 
5 plane IB O A, meeting the ſphere in V. Then 
e er te IO 3 * 

3 25 £33 2 | 

COR. II. Hebes d grew de, ui, v4, 
be. whoſe planes, VIO, V AO, are perpen- 
dicular to the plane IRE 0 NP at 


nene 


THEOREM II. 


Only one circle ALB of the ſame cur- 
vature can paſs through two given points 
A, B, on the ſphere, having its centre 
O on the ſame OO . thoſe e 
= 111 8 * 9 offs eiae 


4% N 35 SH 


er e * K We circle AIB rn 
through. A and B, having its centre on the 
ſame ſide of A and B: Alſo to any point L, 
| draw the arch O L, meeting the circle AI B 
: 5 ; in I, and join A, O, and O, B: Then, becauſe 
| the points A, B, are in both the circumferences 
z ALB, AI B; and AO=O B=O1z are radii 
. of both circles by ſuppoſition; O is their com- 
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mon pole. (D. 21.) That is OL=OT+IL= 


COR. I. No circle on the nn can cut 
another in more than two point? 
Otherwiſe, three equal arches. might be drum 
to the circumference ra without the 
_— which is abfard,- ' if „„ 4 


nous vi; 


x 


the ſphere ABC, to draw an arch A B 


"4 be 


centre A, deſcribe the circle OV. Alſo with 
equal radius B O, and centre B, deſcribe: the 
circle O I, cutting the former in O. About 
O as a pole, with radius O B, deſcribe the 


circle BI VO, and it is done. 
Join A, O, (F. I. B. I) then AO=OB by. 
1 both radii; of the required eirele. 
Os. 1. Becauſe the circles OV and OI may 
er two points O, o, the 


blem admits of two ſolutions; and when 


OI; the leſs to the greater, which is abſurd. 


Through two siven points A, 4 85 on 
It given radius, —(PL. 1. & 4 37 Tin 


Wich e x 01 Gul the given one, and 


V-# 2 


"2 * 2 4 Pp 
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they neither cut or touch 2 other, the _ 


tion becomes impoſſible. 


OB. II. Hence alſo * ak gy to 


* which this problem is applied, it muſt be ſup- 


poſed to be known on which ſide of a great 


circle paſſing FOO wy —R EE _e 


O or o, is to nie. 447399 


* 
x —_ _ ——_— 4 
_- _ os : 
. — 4 ; FF 
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THEOREM _ 111. 


If two. ſpherical triangles, ABC, a be, 
have two adjacent ſides, A B equal to a b, 


— equal to ac, and the included angles 


A, a, equal in each; alſo the third ſides 


B C, bc, of. equal radii; *whoſe. centres 


he on the ſame. fide of the points B, C, 
and b, c, reſpectively; theſe triangles 
and their correſponding te a be 
equal —(PL. I. fig. 14. 995 1 


For fince angle Ara, and A t b. &c. 
hackers W As Mie , ſo that A B fall 
upon a b; then A C will fall upon ac; the 


„ and C coincide with 


© Whence the baſe B C muſt coincide” with 


2 
* 
* 
4 
8 
. ** 
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be. (T. I. B. 1.) and, een de whole 
triangles are equal. (D. 37.) . 

COR. I. If the ſides CA, AB; pri 
a b, be of equal curvature, - forming each one 


continued arch  C:A'B=c ab/z then will the 


lar de, 0 B. £1 by.) d . . 
Pl. 1. fig. 5. 6.) Vo e *. 


THEQRBM. ix. 


If two ſpherical, triangles, ABC, a be, 
have one fide BC equal to one fide be 
and the adjacent angles equal; B equal 
to b, and C to c; ZA r 


8 in yo pair... That ! is, AB to ab, 
and AC to ac ; alſo having the centres 
of each correſponding fide A B, 2b, and 
AC, ac, lying on the ſame fide of their 
reſpective extremes; theſe triangles will 
in all their parts be equal. —(PL 1. fi. 
3 I. 


| For if. AC be lef ae. lay off ge on 


= equal to AC, (P. 4. B. I.) and join g b. 


550 becauſe 7 and, Ty c C. Ard 
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and angle gbe=B=cba, the leſs to e . 


Which is abſurd {ns 36 

.£ COR: Li If the ſdes BA, AC, aka "* 
Ac, be of equal curvature, forming each one 
continued arch BAC and bac, then will the 
lunar areas BAC, bac, _ hos 8 


r ng . 6. 4 


*THEOREM"\v, 


If two here Wut ABC, ab c, 
be all their ſides reſpectively of equal 
length and curvature,” A B to ab, AC 
to be, and BC to bc; alfo having the 
centres of each correſponding fide, AB, 


ab, AC, ac, and BC; be, lying on 
the fame fide of their reſpective extremes; 
all their reſpective angles will be equal, | 
and che wholes =. epi . N Io I 5. 


Draw the chords AB, 40. B C, ab, 1 
be 


Becauſe the arch A Bæa b, the 3 AB 
ab; and in like manner the chord AC 


Sa c. and B CZbe; whence if the baſe BC 


be laid upon be, the remaining parts of the 
plane triangles A B C, a be, will coincide; 


7 
— 


Cr. x; 5. 6. 1 223 


quently, he arch B A coincides with 'ba; 


(. 37) and A C vit ae 


COR. I. From two given point c, on 
to AB,” AC, 


the ſphere, ' no two arches equs A 
and of the ſame curvature ' can be drawn on 
the ſame” fide of B C, to meet in any. 
mw beſides Fs RIS LS EP" 1 $4 ogra 
cok. II. If we fides BA, AC; and ba, 
ac, be of equal curvature, forming each one 
continued arch B A C=b a'c, then will the 
lunar areas ABC, abc, 


a - ” # 
| 1 5 N 8 # 1 1 > 4 9 EY 11 + 5 7 
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_ other on the 7 8 fa . 15 


are the angles at A and I equal, —(P, 2 
as 16.) d 1 


2 Nr 


Biſect the equal arches AI in D and E, 
G. v. B. L.) and draw the great cirele D E. 
. I. B. I.) Then, ſince the ſide A DIE, 
AED I, and D E common to the triangles 
DAE, DIE, b equal, (I. V. B. L 
and angle AI. by TY os e 


* 1 


e * * 2 5 4 
er * \ 

Jer 1 * 4 fg es \ £5 ho ENACT 
N. 77 Lb * . 
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COR. I. _ off AE VAD C, F. Iv. 
B. L) and through Av and A C draw circles 
AVF, AC F, of equal curyature with LAI 
and C AJ, then is the angle VAI=CAL 
For angle VAE=CAD.. (T. VI. B. L) 
From each of theſe equals take angle D A E, 
and there will remain VAI=CAL,  _ 
COR. II. If two equal circles LAI, CAL 
cut each other on the ſphere, the angles V AT, 
VIA, CAI, AIC, of the equal lanes. VVA, 
Cc A, made by their een "Moe 
Suppoſe the * arches A v v, A Ce c, fo 
taken, that the circles Ay, "A" c, drawn 
through theſe points reſpeQively, ſhall each 
coincide with its circle Av and Ac; then 


the laſt Cor. WE TAN PUR 
f for any eee 


| THEOREM VII, 


Let LAV, La Vibe any two. ial 
circles on the ſphere meeting in I. V, 
and let there be laid off upon the equal 
arches IAV, Ia; the arch IB equal 
to Ib, and IA equal to Ia; and through 
IV draw the ſtraight line VIC: Then, 


— * 
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firaight” lines drawn through A, B, and 


a, b, refpeQively, will meet VIC in 
e ſame Point C. —(PL 1. fig. 18.) 


II. the arch lav be applied to IAv; "then, 


becauſe, IB=TIb and Ala, the points B, b, 


and A, a, will reſpectively coincide ; (T. II. B. I.) 
and, conſequently, the ſtraight lines A C, ac: 
Alſo, ſince the lines VIC, ABC, are in the 
plane of the fame circle; they muſt meet ſome- 
| Where in VIC, and ſince the lines ABC, 
abe, coincide, x: EPFL Oo 
fame point C. | 
COR. I. Join the oppoſite points A, b,. a, B, 
and draw the ſtraight lines Bb, Aa: Then, 
are the angles B, b, and A, a, reſpectively equal, 
and Bb parallel to Aa; and alſo, A ba B. 
This is evident from the Theorem, and 
TUE | _ ö 
COR. II. Join v, B; v. b; A, v; a, V, 
with ſtraight lines: Then, will the plane tri. 
angles V Ba, Vb A, be equal and ſimilar. 
The arches VA B, Vab; and alſo, vA, 


Va, being reſpectively equal; and Ab=ab, 


(C. 1) the whole triangles are equal. (a1; . 
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. triangles AVb, aVB, and of uniform curva- 


* 
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COR. III. Hence, if the ades Av, VB; 
Vb, Va; Ab, a B, be reſpectively equal in 
the two plane triangles, A Vb, a VB; and 
the arches belonging to them, of Let cur- 
vature, having the centres of their radii, 
each pair, lying on the ſame fide of cer re- 
ſpective extreme points; the ſpherical angles 
AVb. and a VB will alſo. be * — E.. 1 
fig. 7. 8.) N 

COR. IV. Hees, to lay off a. ſpherical 
angle a VB equal to a given angle AV b, 
compoſed of equal circles. From the point V. | 
lay off any two chords, AV, Vb, on the 
ſides AV, Vb, containing the given angle, 
and join A, b; make the triangle aVB=z 
AVb; then, if circles of the ſame curvature 
.be fimilarly dran through a V, VB, (P. VI. 
B. I.) it is done. 

Os. This Cor. will alſo hold ood when 
the arches VVA, VVB, are convex to the arches 
Vb, Va, ſince the angle AVv=BYy, (T. VI, 
B. I.) taken from the equal angles V. V, will 
leave the angle vVb=rYa.. PR 
COR. v. If the arches AV, VB, hs 8 
reſpectively equal, each to each, in the ſpherical 


. 
Aa 
* 


ture, having alſo their F centers as in 


TE hs | 


T3 £ wer de ety . FFF HET . . ö 
* —— nn e e 
0 „ ie SS SW ru G ORD 10- Ret 
The angles C and B, at the baſe of 
an iſoſceles triangle B A G of uniform 7 +, 
curvature, are e equal, — (PL. 1. 26.) . 
Draw the chords A B, "LC 0 "> 3 
the plane angle B=C, and the ſides that com- | | 
poſe them, (AB=AC and BC=BC) are 
equal, (5. I. E.) the ſpherical angles B and 1 
L will be equal. (C. III. T. VII. B. I.) 22 
men I the angles B and C, at the 1 
baſe, de equal, and the triangle of uniform N 
curvature, the ſides A B, A C, will be equal. : 
COR. IH. An equilateral ſpherical” triangl 
is alſo equiangular and the _— - . 
y WP IE | Ny 5 «fr Aon c. x | 
/ 1 HORRID 1 7 91.) | 
" Any. wa. fides AB+BC ; of a ſphe 8 


0 | triangle AB C, compoſed of great cir 
cles, are 5 than che third fide AG 
— (Pl, L 7 


* 


— 


. 
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e 
a 
1 


8. 


3 urn ire ere © 


OS eee eee e join 
DA, DB, DC. The ſolid angle at D is 
compoſed of the three plane angles A D B, 
ADC, BD GC, and (by 20. 11. E.) any 
two of them, ADB, BDC, are greater than 
the third A DC; that is any two fides A B, 


BC, are greater/ than the third fide A C. 


COR. | An arch of a great circle is the 
Re pens eee ok 
r | 


i THEOREM X. 
In any ſpherical triangle compaſed. of 
great circles, the greateſt ſide is oppoſite 
to the greateſt angle and I * 
(Ph 2. fig 7 N 


Suppoſe A, the 30 we in ds ie 


BAC, and lay off the angle BA D=B. 
(C. IV. T. VII. B. I.) Then will BD=AD. 


(C. I. T. VII. B. I.) Therefore, A D+D C= 
BC. Now, AD+D@ is greater than 4 C, | 
(T. . 12755 woes BC is ee _ 
AC. 


Again, in the phe ole BAC * 
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| lt nie A is. oppoſite fe hap ade . 
If de denied, It the angle Che mms. | 
greater than A. mn e 13000) 1 OM 
, Becauſe the angle C is greater than A; the | 
ſide B A is greater than BC; but it is alſo 


leſs by ſuppoſition, Which is abſurd, 


THEOREM” XI. : ö 


II one angle L i A formed by the inter. 
ſection of two great W 11, AiB, „ 


be a right angle; all the remaining angles 
Ail, Ii B, Li B, formed by them about 


* 
the Hom i. * alſo W i 
pr - * p B > . * * 1 
15 *. 0 7 ©". . 
— 3 ; » 
* 
— © * 

* „ * * * * E 
145 | 3 * * +2 . * 1 
0 — - - 6557 F -.4; * % * . 8 4 * # +» 

: . 


Draw i O to the centre O of the l 
will lie in the common interſection of the planes 
LiIo, AiBO, of theſe circles. (C. I. TL RIA 

By D. 28. the plane L Oi een | 
1 the plane A Oi. But the plane A OI i | 

perpendicular to the plane i O13 (fince i!?! 

5 is in the ſame plane with L O i) therefore” A 1 © 
s alſo a right angle. And in like manner it 
may be proved dat Ii B and L I B are right” 
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one > nine IP AiB makes with another Li I, 


: Wen doe dune dds of Li, be mal then ar 
5 N 1 them night . TO” x 1 1 


ben a Mis point 0 Jn: a great circle 
A&B, to erect a re great cir- 
cle OP =I. 1. * Tl.” "RIF „ 
10668, $1383. 79 5313 ak AZ) 
From C lay 1 00 B. I.) and 
upon AB, deſcribe an equilateral triangle A P B. 
FC. II. B. I.) Through P, C, draw the arch 

| PC C. I. B. I.) and che thing is done. 


PC common to the two triangles APC, PB C, 
e e eee eee 
T. VII.) and each a right angle; (C. I. T. XI. 


G. 28.) K 


den are ACP, N each right angles. 


5 #-; Say * 


Becauſe A CC B, and APP B, and ao 


B. I.) I FE AB. 


— 


COR. I. 1 PC he perpendicular 10 A-B, 


4 * * * 4 
1 * of „ — 
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. 


in a great 
AB, ſeveral other great circles DC, E. 

| are drawn on the ſame; fide, all the an- . 

- gles ACD+DCE4ECB, formed at the 

point C, taken together, are equal to two 

right angles, —(Pl. 1. fig. 20. 5 RTE. 


| ih > > * FR ö * 5 4 - * * er 
[2751 j ; > 91 "THEOREM "Mis 2 2 2 7.32005 * „ 


* * N 
f 7 e 1 4 $Y 2 ＋ . 
fy * * x by © rl #& #7 + "_ 1 $3 wat * : ; 1 * ® — a » Pa , * ? 4 3 * 
= a * ' ; i A 


Fas” 


b vn. 8 . 


B. I) Then, ſinee A C PCB are 
two right angles, (C. I. P. VII. B. I.) 
angles AG DTD CE+E OB occupy the ſame f 
ſpace, they are alſo equal to two right 
COR. I. All the angles about one point on | 5 

i Aa Fo taken together, are equal to Me: 


* equal to two right an 
C, B, are all in one great 


wo a. r * = 


# 


* 
85 „ 1 20 27 þ . 
* 3 1 Lo ; - OP 
* [ FEET SL EE 
L | BY 


* 
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112172 1:72 + THEOREM, XIII. 


* wh 
215 Oſt * Wh 5711 


1 in 2:3 (43 16146 
"if two great circles 


* 
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For AE C+E=two right n (T. XII. 
B. I.) and AE CG = tuo Tight: angles: (ibid.) 
Hence AEC+E=AEC+6, (A. 1.) and E= 
OA. 5.) And hence ae A G C 

COR. I. H AB be a great cirele, * 
G, e's; Oe — %0 ei th 


Pe vx ” F : 
7 £5 whe d - : : : 4 0 - 
ke b #7 2? — 4 — ot > $.# - 4 . 8 G4” WH gy 
- . . SS i Em 4 * 
i 09 - THBORB- Xr. Mh 
9 Fe . ; 4s 2.5 & 3. 4 
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If CI D, 0 ED, be "equal circles on 
the ſphere, and from C, D, their, mutual 
interſection, there be laid, off Ct equal 
to DE; then a! great circle paſſing 
through che points E, I, will make the 


| alternate angles CI E e to DE J. 


r. 10 e ou” lens ST 132% 3 HEN) 
I 9 WW 1 


7 » + 0 v4 : - J TIES [1 
9415 F 4 an A oF ö 


Since Cl= DE, 5 ciD= rb. by ta- 
king the former equals from the latter, we have 
CES ID; (A. ;.) and ſince. 'E1 is common 


to the two triarigles CI E, DE I, they are equal 
and ſimilar. (T. V. B. I.) 


COR. I. If ID, C, be great circles, 
the arches D I+D E are ,Fqual t to the ſemicircle | 


5 DO.. o nnn 
COR. H. Produer E I to 


DV. G. I. B. ) "Then, if C1 D, GE Dy 


ail, A dae 
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de great cir cles, the triangle D E V. 1 V, 
have the angles VK D, (=CLE) Die 
_the angle , and. fide 


33S £0 -# + 46 Xo £1 Sri at} the 4 761 


are unequal. 1 bas 4 ui 1955 0 punts 


{x1 +: 24 N £1 N 6 1 . ; 4 "4 2 | 25 : iy . + * 
e cir l6bps 853%is 9&nots aft 


4 «a 9 


830 hat” 4 e point 7 on the” 9 


t draw a, great 


CLI $7 22 Kam VIII. „ 
19 1) ? * | 3s 45:3 el 


ircle O Pd petp⸗ 
| 0 


ot 75 * 4 
Xs; if $57 4 wo wr . 


Jo 1. 2.) AJLA=01% pinhe 2b Thau 
. F 
L 5% 


7 
& 3 
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FA 

* | | 3 © &< e given circle 
and the given p e great circle 
PG: I. B, 1) megting. the 1 | 
8 48. ching is done i; 1 5 


1 evident, kom 6: IL 


Dj 
2 1 


P. V. 4 40... 585 Sk, 110805 of] 41 Jo 2 | 
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two equal care 8D D 
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circle PV K Z be drawn, and che dif- 
tance P Z biſected in O, then any grear 
circle L'OT paſſing chrough O, and cut- 
ting the circles in L and I, Will make 
the alternate an gles equal, viz. V J L equal 


SIE Sr ney ws eo, Bay 


ro KLI =. 1. fig. 28.) 


Bei d e Wed ov. (r. Xin. 
B. I.) and V OSO K; and alſo theſe arches 


„ lar zt V and reſpectively, 
ES C. VII. B. 1) the triangles VO LO E, are 


g cgqual and fimilar (T. IV. Wa and” confe- 
quently the angle VIOSEKL O. 
COR. I. If the circles DVI. LK C, are 
alſo parallel, then any great cir LOT wn 

to cut them in I and L reſpeRvely,, will make 
the alternate angles DIL, ELL,” "equal —(F]. 
1, fig. 27.) — Ain Ik a bis | 
COR. II. Lay off LREI A on the ſame 

| fide of LI; then a great circle R A drawn 
through theſe points, will make the angle RAI 
VII., and ARTE 
From I and A upon L. C, * fall the per · 
pendiculars IB, A C, reſpectively; then, fince 
IB=A C by conſtruction, and R= =I A=BC, 
by adding R B to each of theſe eq Wl, ve have 
*'LB=R C;" allo the aches TH. Ka; being 


a ” 
e N , £ 7 
ccc JT Ie a X FA 2 4 
* - . - 1 
++ oy a ” 
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wade F OY 
o a ＋ 1 * . 
7 &y 7 of i a , 
b 8 1% n WY * 
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ue circles, and the angle LBIzAC 


ILSAR,” Whence (A. 5.) LIVaR. AI. 

COR. II. If LI, RA, be any A 
equal curvature,” having their centres on the 
ſame ſide, then will ou wee LIV. RAL 


* 


N remain equal.” ft #1 CH SITU? 2 


** 
” 


COR. IV. Any great circle L A, cutting the 


* parallels, LC, DA, vill make the alter 
nate angles CL A, VAL, equal. 1 


. 


, vt CEE 75 
For laying, off I A=LR, and, deſcribing, the 
y 58. . 


A 44 4 * ac #1 oy > N #7 s 
* Fe 48 * 
is "3683" a PTY 
» dl 
. ain L213] 92 
40 ming F367 3% 


= two. ſpherical triangles A B c, A be, 
have one fide AB equal to one ſide 2 b, 
(D. 39) and the oppoſite angles equal 

to b, and to e, and the fide; a c, 


not the ſupplement of A G to a 1 


fig. 14, 1 28 4 10 * et 
A £ 3. ets. 1 3 
; . 1 e e er 158 


* 


bd C, ly off on 
3G BHSb e, (PUIV. . ) max dx 


85 33 
e 
2 . 


angle Lö I B'is equat RA G, (T. In. B. . 10 
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Then becauſe b aB A, An 
Bab. The triangles ab ę, A B H, are equal 
and ſimilar, (T. III. B. I and angle d = BHA; 

but B H A is not equal angle C by the con- 

verle of C. H. T. XIV, B. L. and by Juppoſtion 
therefore angle o is not equal angle G Which 

Is mon to the CO gs Mitten aver ls 

«rj £4 S483 mate vol I OD 
urn ri, 2 Lauf 3 

| All cireles' AGF, A vp, on che . 

able: centres I, C, lie in the fame arch 

A C, and whoſe circumferences 5 paſs | 

through the ſame point A in that arch; 

touch each other at — eggs only. 


* 1. fig. 29.) Die ell 


i 1 be denied, let 3 allo touch | in 120. 
And, fuppoſe their centres I, C, to lie both 
on the fame fide” of che point A. Join C, 1; 
07 K (P. I. B. L) JO! Tarn! 12 n 
Becauſe C is the centre of the öircle AV, 
0 As CO, and for the ſame reafon A L221 O. 
Therefore, C OTC I= . 
which is abſurd. (T. IX. BL) © © 

Again, ſuppaſe their centres I, C, wks on 
altre des of: the point | Az Gk a ig B) 
Bi A I * 


* 


- 
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chen, fince- as before, C A=C O: and AI 
I O, we obtain CIC ATAI = C aun, 
which is alſo abſurd. (T. II. B. I. 


COR. I. Hence oy arch Woch | 2 idle 
only” in one point. ie 190112 s Agde 
COR. ll. Md etal touch 40 db 166 i 


that point. | e A TY { 


& * 28 * i 


COR. III. Hence if two circles witch one 
another, either inwardly or outwardly; the great 
circle paſſing through their centers, ©, 15 en 


paſs though A, their point of contact. 


Otherwiſe an arch” touching both Ge in 
that: point could not be perpendicular to both 
diameters. „e e PF 91% 5.3 

Cook. Iv. - -- Any” cute Ine \-B, to. Ga] 
be a tangent to alk the other les AY, whe 
centers C lie in che ſame great circle A E, paſlirig 
throngh A and the center Þ of tlie cirele. _w_ 

COR. V. Hence, to draw à circle from''s! 
given center C, to touch” another given circle? 


(PI. B. 10 aud produce C 6 neceſſary) to 
meet O A in A Laſtly, with radius r 
dame de decke A, and it is ee 


2 


1 ? 5 Y ! S- 4 % * 
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one point it is Rr che diameter in 
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Aach a given point. Po on 1 fobere, , 

to deſcribe. a circle PO of given curva- 
_ which ſhall touch a 1 circle 


Jenn P and „ 
(P. I. B. I.) and with radius PI and pole 1 
deſeribe the circle VP. Produce PI, till A 
be equal to the radius of the required cirele PO. 
About the pole A, with diſtance A Q deſcribe: 
the circle Q V. cutting VP in V. Alſo, about 
P, as a pole, with radius PO equal to vo 
deſcribe; a circle to cut QO in O. Through 
P, O, (P. VI. B. I.) deſeribe the arch PO, 
having its center on that ſide of a great circle, 
—— next to or from the 
to — fame. inks: and "Py eee RO, eee 

Join I, V, P. I. B, I.) becauſe! 1Q=LO,, VL 
=1P; and...V. Q=P O (by hypotheſis)! the tri- 
angles IVO, I O are equal and ſimilar, 
(T. v. B. I.) and the angle Q. O. And ſince 
VQ touches QO at Q, (T. XVII. B. I) there- 
fore P O touches Q O alſo at O. 


9 * 
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co L. alt ache Y Of ef el 5 
curvature, each of which is convex" or cncave 5 


to the cirenmference V P, "touching / Qo "gp 
Q O, and meeting VP in V and P reſpec- 
tively; Will be equal,” | Wintzep STRAMIISIND | 6 
OR. II. An equal arches YG OR of | 
_ 6qual” curvsture and non towards P Vs 
are . diſtant from L een ee gs goofs: 


* ay — 
wa * — 
Sr TRA 7 
— . 


1 


no r 
be wi 


= . T = 5 — wx; 
— 


- 

* 
e. 
* 


11 
Wich ) eircles on the here ix B, | . U 
Ac to form an antzle A E G equal to {| 
nn 5 BD E, ert dere circle LY 


1 1 3 &« the le 

DE, draw the arch QO, cutting their 258 

 ciiniferendes in F and E. reſpedively. On 

AC, lay off Ac DE, and draw BO per. | 

_ thereto,” aud equal to FE. Through 

AB, (draw the "arch A B of equal curvature © f 

oh D, . VI. R. L) having its center Lo 1 

en the fame ſide of A C that C i ef DE 1 
and it is done. ent SIP; & . HOU 


n | 9 4 1 „ ö 13 
g Pai Jes Bog Fist Uu ian 1 5 „ 


. 


oe 


4 —— * « © OO 


The angles E and C are . N. 30.) 
ae, AC=DE, and BGF E by conſtrue- 
nn therefore, angie AD. (T. HI. B 1) 

-,SEHOLIUM.:; The; arch BC being always 


ry determinate quantity when the curvsture of 


the circles A C, A B. aud, angle of ; inclination 
are given, may, in all caſes, therefore be 


taken as the meaſure of. that wal lap: 516 
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22 a given point P en 
here, 0 dra a circle AIP of, given 
radius, forming a given; angle PAV. 
wich another Biven circle „ l 
fig. 6.) 17 Az il 0 —.49 80 


ANAL TSS. — Ger nd through 


Q and 0, che reſpoctive poles of V and | 


AP, dra dhe arch ON F. l. RH meet - 
ing Wi, V, bas 1 H= . 110 val. 7 

Becaufe the angle J. AN; is given, abe ech 
VI mut de given, AIſee Scholwm P, X.) and 
henee alſo V Q+VIShQ; Whence à circle 
defcribed with I Q. a9 zadius and pole mn 
touch AIP in I. (T. XVII. B. I 

Wherefore with radius Q 1 having deſeribed 


— 2 vor 


poor 1. | ernte na r. 15 | 
8 ele 14; +» gt? 11 the cite on ik ** ; 


PIA touching I i in I, 188 _ en, 
thing is done. 

RI. Wich radius QO and pole Q 
deſcbe the circle L hich will be the - 
of equal radii”) with AI, und cutting A V in 
equal; angles: For, Joi 7, Q, (F.. Bi L) 
e e * to meet the circle O., 
in L: Then; is i L=iiQ+ QL=LQ#:QQ= 
101 and, eanlequenty, the angle V ai 
by its circle! ai with AV V AL H 


bah : M5 2: gow ab, eine . ors ng 


ah dreh log bus euihgs ttt ati div 
20 e eb AG ; iD.) ef, mol, 247; f018 
7 fl 2211213: Sf} is 10 inge ot 30 20 
(fear 4 13g. f A THEOREM: EVAL. | lanps 20 0 
(1.4 A h ae ede ole. 
3411 AB, NV, be two | circles) un the 
Tphere- siven in "magnirude and pofitiom 
and BVI A given cirtle; cutting the 
former Areſen in B and v reipectively 
Then, ng Erber elicle,” b 170 of equal 
de, baving its center on che Tam 
fide of che point > ey can cut . 2 
„ $9: abs che! angle, Aby equal 85 
N 2 i 


—— —————— II 
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4 mn m f] e -} «6s 
AB V, and A vb equal to e e 
8 3. 20) Pt eee en 


x & 
Sr 21 4 atth x 


Fot fippols' ths 8 (made by che 


eircle by of equal with B V) 
ABV; and from Q, the pole of the circle 
AV, draw che cirele Ii, (C. V. T. XVII. 
B. I.) touching BV in I: And, prolong Qu, 
(drawn through Q, i) (F. I. B. ) until it 
meet the pole C of B V. With radius QC 


and pole QO, deſeribe the cirele Cb Alſo, 


with center v and radius v c==IC;:'>deſcribe 
an arch cutting the circle Ce in c: And 
ith, the ſame radn pole c, .. deſcribe the 
arch yi: Join v, © and deleribe LC, the 
locus of the centers of all the circles B V, 
by, of equal curvature, cutting AB at equal 
angles A bv, AB V. (C. I. P. II. B. I.) 
Becauſe vc IC, and the point C, c. lie 


in the ſame circumference ; and alſo, becauſe CI 


touches Ii in I; the; cirele Vi vill alte touch 

ts, ae 2 (aL, FB Bd e 
uently, angle 2 Now 

che 1 of the circle vis J 1 Pr” 

rence Ce, and not in the point C, "up: 
poſition) and the center L, & the circle b\ 

ba in the ' ircumſercnce LC. and not in the 
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point 7: ſuppoſition); /| the 
vi, muſt cut each other at v; and, — 
theſe circles are not in the ſame eircumference; 


unequal to 1 


Avi, or its eq 3 | | 
7 1 3 2 
* 7 ; py LF E ” 4 
F ts 'S "7 Be. : 


+ & þ 2 15 
13 57 oY | 


111 e FTE . 


THEOREM, xIx. e e Np 


ro y - T1 1949s of | 
7 4 * mel | , | 8 
"IT I two herical trag Lies, Ae abe, $ 


mth of arches of equal. Fabi n 4 

each; thit is, having che radius of 1 

che . AB in che one, equal to the 1 
radius of che arch ab in the other, 

Sec, have, alſo. all their, angles -reſpec- | 

= tively. equal, the Wholes are equal. 3 
; = (PL 2+ fig. * . kyts we N =. ol 


WI 111 ; tis eo X 44 * e 1 Fy 1 45 ii 2 G 8 


2. 


£ 
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| I it be denied, let the, angle bac. be ß. 
(„„ r 7 
: 43. at b, and the point e on AC at C. „ 
; 


f 
x 
"Ph 


oats ow at 


| By ſuppoſition, angle A besA BC, an > 
; 1 Acb=ACB; alſo the curvature of — 
* equal to B C. n Rc | - 
5 n own, kw, ko. 195 5 1 
oon. 1 if he fides BA, AC, and ba, 4 


; 1 be of equal curvature, forming each one 4 
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x Ba” B 'A is in the arch 


as nn mLEMEnTE/of | 00 
continued arch BAC, and bac; den l 


ide lunar areas BAC, bat, be alſo equal. 
n EK. . m— yt. nr jon vis 5 Nacht 
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Tf a great circle VIC be perpendicular 


to another circle B A at C. and there 


Nd on. w e 


po chords, BI, 1A, grown, to mes in 


C will 115 - G em 124) 


"By C. H. F. r 5 | 
* 2 95 „ 
VA, (P. I. B. I.) And ulld the chords = $27 
and VL. Then; fince BVE VC A "6a 


'BC=CA, the triangles. BVC, OVA, 


equal and ſimilar, (T. V. BI.) and the angle 
BVC SC VA. Alſo, ſince the chord BY = 
VA, and WI, common, and che angle BVI 
CVI, (C. II. T. VI. B. I.) che triangles 
BVI, We I, are equal; she, con- 
e vis 42 A =J3 4 ons 
COR. I. Join BI, and Al, with Arcos 
of equal E (P. Th * * then arch 
BI=AL. 2% AA wh) Uh T MTS. 


COR. 1. If 1 to B CA, 


OF 
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and arch BI be any to Al in OO 


curvature; then arch 185 4.008 


COR, III. If Bl, 14 be equal arches. of 
great circles, and, AE =N N will che 
angles BIC, tg De eg | 


Abi 510 
n 14 Gong 0 885 nd. 
chord 1 c common Ns ” tr BI 


Xl therefore angle B cel. (een 


. con u, 'i Bret A 1 arct MI | 


circles, and angle 102 = 
circle $7.0 A paſſing through, B, B. 


$ 8 | p > bl N 

e e WH # pea, | 
RN co 9 e r i | 
COR. VI. F. gn and 01. 
pendicular to BA; then BCA 
angle; Nic Kody wil gw 115 e 
COR. VII. Suppoſe 1 av: ds of ie 
circle BC A, and, draw any; arch BLA; 
then if the angle BLI be equal to ILA. 


the parts BI, L 4. ebe qual n e 


err . 10 4 H- Nai tot L 411. 18 4175 
COR. VIII, 116 be perpendicular. 2 


it fie arch BLEL A. 
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Three Kot -ular' arches av öh 
che middle of the three ſides of any ſphe- 
| rical triangle A B 05 all meet in one point 


| Q.—(P.. : L © fig. 7): ol # e I 1 2 9 
BC reſpe&tvely, and: £0, Es two perpen- | 

diculars, From O draw op erpendicylar 62 

AC; and join'B, Oz A, 0; and C, 

C. IL. B. I.) By C. I. T. X. B. I. 405 
BO=CO; and, therefore, ſince D O is per- 
pendicular to AC, AD=DC. (C. U. To X. — 
B. 1) a ö 
2 ELNE N. I. A ciicls deſerved with radius CO | 
and pole O, will paſs through A and C. 


ang 


| otro ee eie FEY 00 

= i EY wht: 

TS > | | ruzenz XII. 8 ef ö hav I 
r of n Man 99: 4 art x 


1 Peer kifet BL b be drawn 
rhepch, the points B, b, of interſection 
of two equal circles BIB, Bib; an ar 
another great circle VI LI Q be 2 

= through their poles V, Q. chen will Bb 


s 
— 1 . 
* 1 1 - - * 
* - & * \ % 8 £ 
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* 

4 . — "IIA Ya abt a 1 ht 

* — 8 0 N , 6 "9%. o et 4 — cbs — — 42 2 - as 49433 5 * — — ASE 3 
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and VO. Hutu vita each other in 
L. . ü : a * 8. wad + 151 9 R 1 A den 

i * fis. * 2H 44 IK 231 
NA W 


. 0 d 0 v MT 
B. LY 45 IA h ip dich eg babe 
” The” ifoſctles ale v vnd, aA 
the angles at V and Q all 8 equal, (T. v. B. 1) 
are atſo equal” and ſimilar ; and conſequently 
angle”, BV-Q=b Vg. Wbence BL Lb. 
(C. . T. XX. B. 10 And in che ſame ma- 
er it may de proved chat ILG 
CR. I. From V to any Peint P, 1 12 
circumference BPI draw VP. (F. I. B. 1) 
And through O, where this meets B b and 
pole Q, dre G, F. I. B. 1.) meeting 'the 
circumference BRi in R. Then will V-O=z 
0 and POW O A 
Decauſe VI. LC. and a to the 
triangles VOL, '"QOL'; alſo" the angles at L. 
equal: Therefore the arch V OOO C 
T. XX. B. I.) and n PO=VP=V Oz 
RQ OO = RO. A GSH 20 ab 
COR. II. 6 —— PO, RO, 
let fall from a point O in Bb. to the equal 
arches BI, Bi, are. equal. 


COR. Ml. If two. perpendiculry Po, RO, 


— 
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erected upon the equal cireles B I, Bi, and 
meeting in O, be equal; then is that point in 
the arch B b. 

/ COR. Iv. If two perpendiculars P O, Ro, 
erected upon the equal circles BI, B i, and 
meeting in O be equal; then is the; areh B R 

equal to the arch BP and the conyerſe. 1 

For, ſince Voz :0Q;, VB= BQ and BQ 
common, the angles BVO, BN, are 77 
C. v. l. Wu. t) Allo, g V 
BO, and VP=RQ; the . triangles Wes 
QBR; are equal and ſimilar; (T. III. B. 7.) 
and, conſequentiy, BR=BP. 1 

And, in like manner, it may be 
hs if the. arch ine . will ros 
„ 

COR. V. A FP deſcribed. i cout © 
and radius PO SRO, will touch both arches 
BR and BP in R and P reſpectively; and, 
converſely, any two arches B R, BP, of equal 
curvature, drawn from any point B to touch 
thaw; . re will be Serge 
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' ares 2 3 3 
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le BI, AI, tilt 
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W 0 cen XXIII. 6 Mobealgtrs 


9 ee nf en l 05 
Abüf Aenne aides of any ſpherical tri- 
angle ABI, compoſed ef circles of equal 
Edrvative,” be prodüceck till they "nicer 


on the oppoſite ſides, viz. *the *cirdles 
Bt, K 5, e e in b; the 


nl 


= # HED Hack 1 Das 810 N 
the eirel NN B, AL, gill, hey, meer, in a; | 
Then, the great ir Bb, Li, aan 


A a, — via points: of ,op- 


poſite biſection, will: all meet — ol 
ne F ne Pry gt "iy n bat 


* 13 1 1 : $7 1 Oc "i 


4 
1 
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2 1 0 bebe point e 4 4 * Bb 


meet, and from thence; let fall the perpendi- 
culars OV, OD, and OE, upon the three 


01 BI, Ms „ Nn. en. 


FFC 20 zal4ng 
Since meet i u Bb, are 
ual: (C. II. T. XXII. B. ty "' Allo, ſince 

— meet in Xa, tley are alſo equal; 

(C. I. T. XXII. B. I.) and, 1 5 02 

OV=OE: Whence the point O ., alſo in - 

the ateh II. (C. I. T. XIII. 2B. 24 
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82 en OF. . A 
COR. L Three arches biſecting the three 
angles of a e tpjangle; copupoſed of great 
circles, all meet in one point. 5 
Co. II. Segment» AA de oppoſite nde, | 

Bus balf che ſum of the fides) © 1. Aol gnt 
alin 3 <fithe des i. qual AT 
SDL+ ID: 301k Wa . DE 


curvature, a 

aſl tonves to their 22 5 N — 
Niet any too angles B, air the arches 
Bd, Aa and from their interfe chen O, let 
2 the pecpendibular V O an any dide A B. 
* be: ** Std 


d A bun s A ener eee ee 0! 0 
eee 21 THEOREM Nee 
—_— «fl; 1104117 O base OE): FO; C6432 


Three arches drawn from tlie t 


angles of A, 12 8 05 angle ompoſe 0 
of . Ba, as . Wa of the 
oppoſits, ides, , all meet in one Point, —— 
* 65.40 bas „ r ee 
ui £5328 O io ov. nde 00 

Let BD, A E, biſef t oppoſite ſides. AC, 
CB, and through the point of interſection G, 


17 


1 — A 9 
8 2 4 py 23 7 
3 5 . 7 p 4 


GEOMETRY. 


draw CGK meeting AB and k. CP. I. B. I.) 


Draw the chords AdG, Ge B, and Ak B; 


alſo, to O, the center of the ſphere, draw 


DO, EO, KO, and. (810. OHM: 
Becauſe A dC i in the fame, plane wy 
. ey will interſect in ſome point d:; 


AG - will; allo hilt itz / chord A d Cg conſe- 


guently,:. A d d GC. In like( manner we prove 
Se genf div A bas 2 AM 


| Juppofs, the plane triangle A CB. El. 2. 


fig. 14. taken out of the figure an 
and join B, d; A, e; and C, K. 


8 * 


Now, Gk being inc the plane GOK; 
(Ph. 2. figs 18.) Land, conſequently,” paſſing 


through ſome point in G O, muſt cut both 


the planes DOB. AOE. But Ck is alſo 
the plane AGB; therefore, if it cut theſe 


planes, it muſt cut them in their point of 


interſection g. in the plane A C B. 020801 fem 
AB. is biſected in x:. Hence, if the radius 
Ok K biſect the chord (A&B. in k, it will 
biſec the arch AB in K. „ enen "$3 n 
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NA ; Sir 0 10nd v0 O of „lis 
Let AO D, 41. be any great circles 
drawn through the poles A,. D, of the great 
circle OI V; and let BBF Obe ay mall 
circle, having its Centre Of a quadrat di. 
tant from A änd D? AID in ; 


and F, and A 0 B in B and C. Alfd Join 


B, C, and EF, with ſtraight lines. Then will 
the chord EF be parallel te the n 
PI. 3 ew 962. BY, 1790 eee eee 
n nels 4 it D 
co 155 Obe OfiF,anetih great circles; 
G. I. B. I.) and about A and D as poless 
with the diſtance A BDC, draw the parallel 
circles B b, Cc cutting AI B in b and e 
reſpectively. Alſo join b, c, with a ſtraight line; 
HBecauſe the arch OE O F, and O1 com- 
mon; alſo the angles at I both right, (P. VIII. 
B. I.) the arch EI IF. (C. H. T. XX. B. I.) 


Alſo, ſince AI DF, Ak DF. (A. 50 


Again, ſince Ab- De, it is plain that be 


muſt be parallel to EF; but be is eguab and 


parallel to BC; conſequently E F is alſo 
pull to BC. G. K. By 


vet, K 918 4 ; &*& 4 off? 43 4 


gt 1 Nun n n. fs, jg 44 1 
M 15 Ake 
If . bar cide 40. paſſing through, 
410 e ae. to 3 nt es BVC; 
then will the chords AD, BC, of theſe circles, 


drawn in the plane BAC P, cut each other 


at right angles in 05 te * ach en 
l. 2. 6g. 1% ͥ»ꝙ'TZ;AG 
Jin H, my 1 . g. with” frraight lines 
- Becauſe B V C is perpendicular to AVD, 
the plane BICV is alfo perpendicular to the 


plane DIAV; and fince BV=VC, (c. VIIL. 


T. XX. B. I.) conſequently B I= I C. Allo 
ſince A is common to the two triangles BAL 
ATC, che angle BIA is equal to CIA. 
paſſing through the poles of B V C, and cons 
ſequently cutting it at right angles in v; and 
join a, d, cutting'BIC in i; then is af Per. 
pendicular de BI O. 5 ; 
ker at is ra ts AT; (LEMMA yy 
nd, conſequently, , perpendiculat'to' BI. C. 
COR. II. Join v, i, and V, 1 then will 
vi and VI produced, met in the' aue ? 


G | 
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For 1 V falls in the plane B VC, and alſo 


in the plane A VD, and conſequently in their 
common interſection which (C. VII. T. I. B. I.) 


| paſſes: through the center. P. And in like man- 
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14 2 5 ; 4 Las 
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Three arches drawn Foo: this ihe; 


angles of a great circle ſpherical triangle, 


perpendicular to the oppoſite. ifs. . | 


* in one point.—{Pl * fig. b 


1 BD, AE, bh. * 3 
poſite. ſides A C, BC; and through the points 
of interſection G, draw GG K. Draw the 


chords Ade, ce B, and Ak B; and let d, e, 


be the points where the planes d DB, e EA, 


of che circles D B, A E, interſe&t the planes 


CA and BCE respectively. Draw the lines 
Dad o, Ee O, which (by C. I. and II. L. I.) 
will meet in O, the eee god. 


join K, O, and G, O. 5 1 


Now, ſuppoſe the plane triangle ACB G 2. ; 


fig. 20.) taken out of the figure A CB O, and 
join B, d, * * 8 Cc, k; n 


— 4 


a4 — nm . — — 3 


Pi I, Airy — — 


e eee n 
bo 1 
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BOOK 7 
(CL L. II.) And it may be 
in T. XXIV. B. I. that Ck will paſs through ; a 
their point of interſection g. Hence by Emer- = 
ſon's geometry, (P. XXXIV. B. II.) Ck is per- 5 


* 


- 


pendicular to A B; and hence (by converſe = ; 


| C. I. L. I.) CK is perpendicular to AKB. 
| 7 THEORDME= XRVE TOS | 
Of two great circle erical triangles | 
ABC, ABG, having two fides A B, 
BC, of the one, e deve 1 A8 | 
B G, of the other, each to each reſpec- 8 
tively 3 theihaſaiob; anne ABC will „„ 1 
the greateſt angle ABC T1 2. 58190 | 5 
Draw G C. P. I. B. 1. The angle 88 _. 
236 C. (T. VII. B. I.) is. greater than Ad 1 
and hence much more is AG C greater than. 1 
ACG; therefore A C is greater” than AG. 


8 2 8 8 de 1 
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Spherical quadrangle is 4 Bs 
tion of the ſurface of the ſphere bounded 
by: four arches rde za Rig. 2d; 


37, i 


2. The diagonal of 4 phetital" dun- 
drangle is a great circle drawn between 
ally rwo oppolite corners, 5 


ta Fry 74 rt 1 25 
ene : 4 7 


4 ii 


4 "Dx 44 i» *n 


” . | 4 


3. A ſpherical parallelogram is a qua- 


drangle, whoſe oppoſite fides and angles 
are equal. 


* 


. © ane ASE *: 


BOOK 11, sse ener, e 
, A Hpberigabs rsctangle isa Dralle: 
logram, haſe gppaſite i ſideg gre equal, 
and whoſe diagonals are alſo equal. - 
-DTA=V Old I A=UGAV Sg mnic 
2 o A IPhérical rhombüs is a -paralle- 
ren | whoſe fides are equal, „and angles 
obli ue. ASA bis Nl r * Bas up 
Tg! s 21 15 dn Trot r 1 AO .* 
g. 44 hal in A 
er more than. fonr carches Ala . 
axe; called ſpherical. polygons; vthaſe ha: 
ing. Gve-fides,- are. called fpherical penta+ 
gons; thaſe having ſix ſiclesg are called 
| . hexagons; and fo on. ( 4 
F TRA 1400 


II Manor 
a eg Kb = 


Iy4uord2 Suilidg {ht torn {Ao 
Af w- o is tag the. gh 


V.B A... VDA, .meetinguin. V. and 4. 
be inter ſected by n ehen equal, circles 
BD, E C, making the; 0 angles 
eg wi Fuge to C, and E to D; then 
Ded A ould at 


| M HE + 3 4008 
Vin *the-fide u be eqast 460 E A, and 
BV to "OL rg; 1 eta nl 
| £8p9 Gn 516 HeHogadh Job bas 
Since angle VBD=ACE; BDV=AEC; 
and VA: The, triangles, BVD, EAC, 
are equal and ſimilar; (T. XIX. B. I.) fp! 
quently, VD= =E A, and BV= CA. . TEM 
Ws I. in figure 2E i a bel 
parallelogra 
SOLE "Wd (OTE vd+Ac 
E AABV, if ach dr theſe” be taken om 
we eg VDA, VBA: Then, DC- BE. 
(A. 55) And fince- angle D E, and BC, 
the πẽνr BDC E is a parallelogram. (D. 3. 
B. HJ 3 s- bas : gere Ii Ait 
COR. II. DCSVA-AE TAC. {Th 
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A. great circle A D paſſing Fey 

ie oppoſite corners of any ſpherical pa- 
rillelogram ABDC,” divides it into two 
equal and fimilar wg ABD, Ab. 
„„„Cõõã˙ 167 y6im: I 


_ my 0 beg 76:02 une a. Aer 


ſince ABCD, BD=AC, 0 


BOOK II. 


' angle» BC. Dim B. n.) The bs 


ABD. ACD, are edu and amin. (nin 
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The diagonale ef A ſpherical -paralle- 


logram ABD, interſect ch le in 
the middle P of eich AD and BC 
Pl. 2. kg. 16.) . ira l 


5 * % wid APC, DPB, the- angle | 


* B. U. 


CAP R I.) and alſo, ACP 


PDP; 


=PBD; (Ibid.) w 


ated 
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gy iy great cds B C maſking, 1 
che middle of the diagonal of à ſpheri- 
cal parallelogram AF DE, divides the 

area into two equal and 


2 1. fig. 23. . 
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e te diagonal 4b. 2 interſet | 
'BC in the middle f 


- Tom 2 
* #3 FF 33a 
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ence, ſince CA =D. B, 
che ſide AP=DB r nd CP=PB. 
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For, the twangles AP N DC, e u 


ſimilar; (TIM Bel-)::andorgonfequently, BP 
=PC. Take each of theſe triangles from! the 


equal triangles AED, AFD; (T. I. B. U.) 
and the remaingers ADB. CPAF, are 
equal ; (A. 5.) therefore, EBCD=BPDE, 
+POD=CPAFABBA-KAEC E716 
ai COR 1: Any, great; cipcle APD. paſfing 
through the. idle point Fe, of the, diagonal 
of a N 5 K * 0 = 
point. 

. digas wy 440 ON #. ent mw 
20A Ha bas GM} Song YAGI SAD. 
AA D „ Für aD da 
MA A410. bun Ad- 44 bit ad 
Spherical parallelograms A B P., 
B CF E, whoſe fides AB, DC, and 
BE, FC, are great circles; ſtanding 
upon the ſame baſe BC, and between 
equal and parallel Lindiey AF, BO are 
G ee 5 fig. * 1 15 zibbirm 5515 
ib 44 2 A RP een is 
For, Ane B A aid A 
CDF; (C. I. T. XV. B. I) alſao- AB 
DC; O. z. B. I.) the triangles A E B, 
DCF, are equal and ſimilzr: (T. XVI. A. I.) 
Therefore, the triangles AH. DS F. each 
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BOOK 11s CA | 3 
taken from the whole Byte „ 
leave AB 0 DEB [2 
"COR. 19 = Hence; ſpherical ; 4 


BFC, whoſe ſides B A, AC, and B F, FC „ 


95 
_ incliding'the versie! angles A, E, are gte 
eiretes, anch den de ame Haſs d, Oi 


Lg 


; alſo "Equal© its * . oo in ” 4] <7 4 UI : : 
3 For they are the halves of 0p hatin ; EN | 
| purallelograms (. I. B. f) [21 
ö COR. U. Through B, C, 4720 , T3 
ate BVO. (EL 8.1) Then is the l. 35 
| 8 


oY 


angle B A C V-= triangle BFC VVV“. 
For the the | ſpace BCV is common. to the Pa | 
| equill wegen . Pe os 7 oi >. 


£ A - 4 F WI» 48 EF. oY x ih 
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"through three giyen, points A, l., ÞP, 
—__* the. ſphere, to draw two equal and. 
parallel circles Aa and I P. — . *. 


1 
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0 Q o 
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circle 14 ri: . L. B. I.) And from EI ches | 
« 2 — on om 


F AY - 
e Som. 14 — * —_ W "Os, * » —.— 


Ip | BB. BLAMENTS: -OF e 228 Dn: 
middle of A a, lay off Eb=EB=a quadrant; 
(P. II. B. I). alſo, from the points B, b, lay. 
off upon I Aa i, BA=Ba=bi=bl _ reſpec» - 
_ tively. Through the points I, P, i, draw a 
circle; (5. IV. E.) and with the fame radius, 
through. the point A, a, draw another circle, 
. VI. B. I). and it is done. Ten a e 
Draw AVa, yi, and alſo Bb, alli through 
6.5 the center of the iphere ;. alſo, to O, Q, 
the reſpective centers of the circles AA and 
IP, draw CO and CQ; And through O 
and Q. draw the lines OV, es 0000 
tively ; ; alſo, . join O, A * 1 1 * . 
Becauſe AB=aB; N chord 1 5 is ; biſeted 
in V; and, conſequentiy, AVS AV: Alſo, 
the angles at V, in the 885 bAB, are 
all right ones: . 5 ; 
And in the ſame manner it may be a, 
that vI=iv; and the angles at v, in the 
ſame plane, are right ones. | 
Again, fince A B aB=ib=Id; the lines 
AV, aV, ib; and 1b, will alſo be equal; 
and VBZV b. Whence, conſesquently, VC 
=vC: Again, ſince a VA is biſected by VO, 
which paſſes through the center O, of the 
=_ ſears the angle OVA is a right. 
: (3. II. E.) and, in like manner; it 
en that e a right e 


# 


* A 
. * 7 I 
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Allo: ſince OA IO (by. conftrution)-the | 
plaggha OVA, Qu l, are equal and ſimilar: W 
Whence ON * - 3545719... 26270 cir. 

Again, ſince G0 is perpendicu ular * 
plane O Aa; (C. IV. T. I. B. I.) an 


alſo perpendicular to the plane Ii iQ. - 

angles CO v, C QV, are TEE icht ones; 

and the triangles”? CO v, C fr ane 

Gmilar : E ug: OC 95 and 

Oc. 1 h rs . OT '7 N 

8 Allo, ſince the aſs 0 v E Qv C, "are 

equal,” and v A, VI, both perpendicalar to 

Vy: And the angles O V A," I'v * =; 

equal a right angle; the ſeckions Ta, Ii, 

are Wai alſo, ines O U is bebe 

to a A, and to 11, che angles O'V © 

c, which the planes 240, Ci, 'form 

vith the plane 2 A 1, are equal. and 

planes,” of conſequence, 11 be parallel; 2 

the circles LEG iP, „e equal by) com on. f 
„ END HITED  JHSPH ON ee 8 1% 
yes WACO , TuzonIN" 17 P ir NG 1 

e ok 2 A PEE” | 


he. equal Sides AB, Ac cf a & 8 
E Nu en ne * 
oh. , 4 0 5 1 £4 281 GE I 2 
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— AD/ equal w"AE/' and 


join the oppoſite points B, E, D, C, 
with great circles; (P. I. B. I.) then 
will the areas of the triangles ADC, 


AE B, be equal, and the oppolite angle 


ADC, be equal to. AEB, . ABE 
to ACD. - mil 2. f. 90 bin. 


1 2 
parallel circles BC and DE, (P. I. B. I.) 
Which, becauſe the, points D, E, are equi- 
hoo: Soom tn ge if b0.heh ro a 
FE 3 AR rt > 

E B O. "we equah, Take. each, of... theſe from 
the. whole triangle BAC, and che remainders 


ADG AEG,, will be equal. 2 dans, 
Again, * von. 2 AEB, are eri 


the fame | manner It will be proved tha. ABE 


=ACD. 


COR. I. I s isse ADC, AE B, 
compoſed of great circles, have their vertical 


angles A equal; and alſo, the oppoſite angle 


ADC S AEB, &c. the areas will alſo be equal. 
©: VOR© H. Af the plans wiangtes B IIC, 


| CF By eompeled:of:1he. chords !of-ibe: ſpleriey) 


arches of the triangles PDC, CE B, be equal 


another triangle a be on 
fide of the her e 6 1 8 1 25 
| U * Uh IBF [oc 4 re tg 


4 84 * — 
VFC 
* 2 — S A . 14 L. £ x 253 9 * 
9 J, 


The point a is oppoſite to A, or a ſemicircle 
diſtant from it; and b is oppoſite to B, and 
- c to C. Likewiſe angle a A, b=B, and 
c=C. Therefore the triangle HS 6: 8 
ABC. (C. I. T. VI. B. )))) 
1 COR. I. Hence any great . ſph 
triangle A C, by producing Its: gde, hath 
of dhe fame baſe, ind oppoſite angle, with, the 
former; and the other parts the ſupplements 
4 Thus 1 the. triangle C. 2, angle. B=ABC, 
ne ab anke At B; 255 
A. and angle acBE cop kde? 70 E om 8 


; GA oth) 2004 K EA 30 einbringt 


3 A a 
dt 


PP 


1 
Li ah” 
A ** 


877 


* 


68  _-THEBLEMENTS: erer 


COR. U. Any great cirele ſpherical Rey 
ABC, has adjoining to every ſide thereof ano: 
ther triangle, having the ſame ſide and oppoſite 
angle, and the other parts the pps 
beef. BFA 

Thus in the triangle ABc, AB, and 8 
e, dre the ſame with A B and angle C; Be, 
Abe, are ſupplements of B C, AC; angle 
cB A=ſupplement.CB.A, and angle c AB= 
ſupplement C A B. Likewiſe there is the. trian- 


gle a BC adjoining to CB; and the triangle 
AbC "WY to AC. | 


voin 8 
"The area of any e * 10 ſpherical 
triangle A B C, is equal to the radius of 
the ſphere into the ſum of the meaſure 
of the angles A, B, and C, minus one 
fourth” the ſurface wer "ho" N 3 — 
l. 3. fig. 14) 


Fot haying' produced it the' fides of the tri- 
angle A B C till they interſect again, and form 
| the equal triangle? } abc. (T. VII. B. II.) Call 
each of theſe P; put Q triangle A Ca, T= 
wriangle B Cb, and Ra Cb (where P+Q, 


- 


BOOK 11s SPHERIC AL * 
+T+R" ue ſuppoſed to be included in one 
8 5 
hemiſphere); put put 2 = the ſurface of the | 
ſphere; and put A, B, C, for the meaſarl; of 
theſe angles reſpeQively; alſo, put R= radius 
of the ſphere. Then, by Dr. Hutton's Men- 
ſuration of Solids, P. 20. ' 1+ edition, we haye | 
RN angle .A=P+T,. |2»Rxangle B=P+ | 
Q and 2 Hangs ODER? e 2 112 
* 2 
. ; 5 ky : 
| " TuBOREN | MEL 
2 , e e ee eier 2 : : 
I two great circle . | 


ABC, DEF, have he ſum of thei 


S 2 
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r 
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py 
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1 
| 
ee 3 
5 122 . 18511 
+18, and Þ= * n 


* err 8 


ee a. * #7 


TT R <4 8, we have K redaktion 
A+B+C=D+E +F.”" _ 


SCHOEIUWE.' From this Nane ning 
flows © the determination of ſolid angles: For 
| if ve ſuppoſe O and Y /the_reſpedive centers 
of the ſpheres DOEF, AVBC, and OQ, | 
VP, any two elementary Pyramids of equal 1 
and ſimilar baſes Q and P, it is plain their 
ſolidity will be equal: Alſo, ſince the triangles 
DFE, ACB, contain-an equal number of the 
baſes Q, P; the ſolids, or foli& angles DOE, 
AVB C, muſt conſequently | be alſo equal: 
And finte the ſum of ehe angles in esch are 
in this caſe alſo. equal; an —— 
ins hho} eee eee 
the. arehes AC, CB, BA, Produced each way 
| (|.  necefary) till they form quadrants A e, 
| Cd, BI, and that A L. be taken equal, to 
4 Ac, Ca=Cb, BG BI: Then, joining c, L, 
. a2, b, and I, G, we have cL+ab+1G, for 
| the. meaſure_ af the, folid angle AVC B. 
COR. L an 


en 


* 


ad su a © 03 eee e ais 


— 


be leverally given, the ſolid angle AVC B, i 
1 in 18 10 . 
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Mus mat vt a | NOoOqOTI 965% I 
| 4 ; » 
DIT6 11 iin an 
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hes e 90; UNE VU F577 
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If two 1 wiangle GAB, IVI. 
have the ſide G A in ons equal, the 
fide IL in the other; the ſide A B 
equal to IV, and the ſide CB equal 
to VL: Alſo, each pair being of 
equal curvature, and both concaxe, or 
both convex to cheir oppaſite | angles 8 
then will . areas be e e 
fig, 11. 13.) XL ſy 7.60015 Inont it 

3 
Draw the mh eh Cad, AbB, nec. 
Lil, La v, and NI GN C. U. T. VI. 
B. U.) che triangle 1 CaAbBe=LiLlVn; 
and alſo, the lunar ſpace C Aa ILi; and 
in Ake manner, CBS VLi and. ABb= 
I'V.y.;. Hence, taking the three equal lunar 
areas in each. from dheir reſpective triangles; 
. een eee ae 0 a 


A 
| 515 | COR: l. K the. plane 


dw 


criangles CA B. 
I, compoſed of the chords of )the,{phexiedl 
rriangles CAB, VIL, be equal and finilar, 


ö 
| 


Xx — 4 — _ - — 4 
ee ͤ wu — N 


l 
© | 
; 
| 
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the Wen, triangles will ao de equal n 


Mea. abt! * 45 The NI 
V 

ſpherical triangles Ca Ab Be, VVIIiLl, and 

muſt be alſo true when” the equal lunar areas 


CaA, 111. &c, are Nr added o 


— 
| 

ME 4 T 

Tx 7 * DV 9 4} 


or ſubtracted | therefrom. 


cok. U. If the and. ae CAB=V1L, 


me chord BA VI, and jAC=IL; | (every 


thing elſe being ſuppoſed as in the propoſition) 


then will the ſpberical, Fee CAB, VII, 
be equal in area. 


COR. III. If the arch "BALVI and A= 


1L; alſo, B C, VL, of equal and fimilar 
curvature, and angle A =I; then will the 


ſpherical triangles CAB, VIL, be alfo equal 
in area. | ; 
For the plane Shanti CAB, VII, are 
equal and fimilar ; (C. IV. T. VI. e 21 


the areas CAB, Wd "A are 

cok. Iv. OT the KC 11. ig 
Al, angle CE and the Whole triangles 
CAB, VII, are of equal curvature; then 


vin the fide BA=VI, BC=VL, and angle 
B=V. 


mn is in fri the outete at p propoſi- 


Gon, ad d. w. * AI 
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| ee \DYFINITIONS. SE | 


. Spherical angle D 0 B at che E 
| centre, is that whoſe angular point O is 
in the center of the circle: DAB. b | 


— n 


1 
5 k * : 
| fi 8 ; #5 OR joe Þ OF. UT Re att * 
0 0 ö 7 - 
- 7 * 


4 7 . 


angle DAB at 


circumference, is when the angular point ; 
: : 
In hl. | 
21 8 1 L 4 GC ' . EY | VIE "HF 1 5 
a point G on the ſphere, out 
2 ; 2 
# 6 © * 
: 0 . : * i 
4 * * a - : . 


— 1 . — 60. N — 


1 3 


n L 2 7 
- % we J. 


In n El, 1 TY 2 . 


74 xx BLEMENTS OF | 


of the center of the circle A B, n 
arches G D, GE, &c. be drawn, the 
_ greateſt is that G F which paſſes through 
the center C; and thoſe nearer to G F 
are greater than thoſe further off, —Alſo 
GH, the remainder to G F, is che leaſt; : 
and thoſe nearer to it, as GA, are leſs 
| than thaſe further off, 6 GAA. 2 
. | 


thigh CE, en, Ca, cB; . l. . 10 
then G C+CE, or GF, is greater than G E. 
cr. N. B. I.) Alſo, in the triangles G CE, 
' GCD; GC. EC, are equal t GC, DC; 
but angle ECG is greater than DCG; con- 
0 . 

B. I.) 

A CG+DG is greater than CD, or its 
equal C H. (T. NX. B. I.) Take away CG, 
and DG is greater than GH. After the fame 


manner G A is is greater than S and EV, Yo 


"OR 


COR. I. Only two arches drawn from G 
to the circumference, can be equal; and they 
muſt alſo lie on different fides of the arch HCF. | 


#t 


1 
. 


2 P VA \y . "FX * 
. N bo TY 
- * 
Lak off * 
- 1 : 
* 
. 


point ra or ceoter af ine circle. 


6D. Allo the chord 1 G 


Took FT. 


arches can; be draun to this 


wy 


The chord 7 S is greater tha! 
that- of GE, and that o F GE than b. 

GH be ken 
of G A, and that of G A than that 
cok. W. Hence, if aches of equal cit 


ture (the greateſt of which" muſt not ercecd 4 


ſemicircle} be drawn through the points G, V, 
G, E, 6, B; the greateſt will be that G F 


piſibg-thidugh V, me Srbait) e the Sauter 


H GCF dat is dran through G, and tlie 


AG. &c. 9 H 0 en 


pole C of the ciicle TLD 


Ad, thoſe that ate nearer G F, 2 64 


will e ene: eee e that are 


ens f erg i A yiinepolnon 149 


And hence | alſo the a, ee N 
H B will de lee dnn that” paſſing'i through 


— * * . - f 7 , £ 
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3 * wt td 1 N. id * 5 1 1 = > * 1 % 1 
RDO Ham n em TS165TY 
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2 7 "4 St 5 Lag 
a eral arches. be 
a_ circle, ſeveral be drawn. te 
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Part, the e is that G F Which 
paſſes chrough the center; and thoſe 
nearer to GF are greater than thoſe that 
are further off, But of thoſe that go to 


26 convex part che leaſt, is that G H, | 
which continued would paſs through the 
center C; and thoſe nearer to chat, as 
GA, are leſs than thoſe that Mare 
es 3: Mg le Yoygh $9 {2 


4 2 * 23 
f i 1. 2 


n ca, ob, BCE; Gl. vs 
ibis the triangle GCE, GCE, or 
GF is greater than G E. (T. IX. RI.) And 
in the triangles GCB, -G CE; GC, EC, are 
equal GC, CB, and angle G GE greater than 
GCB; conſequently G E is greater than G B. 
Man : es ord bob 
Alſo in the triangle G CA, CA+SAG is 
greater than CG, or GHH G. (IT. IX. 
B. I.) Take away CA HC, and AG is 
greater than HG. And in the triangles CA G, 
CDG; CG, CA, are equal to CG, CD, 
and angle G CA leſs than G CD; therefore 
G A is leſs than G D. . XXVI. B. I.) 

COR. 1. There can only two arches be 


n 
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the circumference of the circle; and 
alſo lie on 


1 


For da toe are equal on the beer tro 
, COR. II. The greateſt arch to the convex 


part, or the leaſt to the concave e part, is : 


3 7 : : . 
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nano Have ane. 


is Fe” 2 + B 


N cire 


T's 1 
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The middle 1 D A © at EY cir» 


4 
* 


Join A, O: Er NN N 
B. I.) angle DAO SODA and O A B= 
OB A: Hence, adding the latter equals ta 
the former, we have DAO TOAB SAS 
ODA+ORA. Kn 41. 
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any ee muſt be 
chord. of the third ſide.— (Pl. 2 fig- 18.) - 


F< * er 2 


of e ee of: circles” A, B. 
, ef which” the fur of the chords of 
Sreater than the 


2 1 TP 2.4.0 > 3111 571 pf (F 


Draw DE nat. to A; . it. B. 1) 105. 
with radius C ang center + * deſcribe an oc- 


cult arch Bf: Alſo, Wick Kadius F and cen- 


ter D, croß o ic 


+” FT; draw 
B F. Nate 


ng d, DER) i A the 


7 IP e X. | 4 
* N 3 EKF 'G an Je. 
DF Th cha I et 4.4 
(22. J. 25 Jul an bin an: 
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If a great ds? 11 e res 
D A B-C be inferibed in à circle, che 


ſum of its oppoſite angles A and C, are 


poked ane b b f. 5 . U 7.) 


Ts 
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Join the center O of the circle, And che 
points D, B, and C (P. I. B. I.) 

CASE I. When the center- of the circle 
O' falls. within the trapenium. (PL 3. fig. 4.) 

The angle A 20D ATOBA, and e 


C#CD 0+CBO;-/+(T. in. R H.) cone. 


ö 525 AT CSODPATODOYOBAN 
CBO (A. 4.) DTB. 

CASE II. When, Ihe ene of the: rl 

O falls without the trapesium. (Pl. 3. fig. Ts). 


The angle A=O DAN OB A, and 4 a 
E DOC CBO GC O); conſequentiy, 


Saane: nien enen. 1 4) 
DTB. 


COR. Bil 11 the; fo of th — 3 
A+C are equal D+B. That great circle 


ſpherical trapezium is inſcribed in a circle. 


COR. II. The ſpherical-angle DA B G = 


fig. 9.) inſcribed in a ſemicircle, is an | angle 


of a great circle rectangle. 
For, make the triangle D C B equal and 


ſimilar to the triangle DAB, having the angle 


C=4A,.(P, I, B. III). and fide -DC=AB: 
Then, will 0 be in the circumference of the ; 


circle DAB, and | angle , AS =C = 9 5 B. 
cr. W. * my, r | 


W . 2 . wok 
i 9-447. 
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22 4 Bag {+ * 2 3 I} 5 17 Gag as; feats Fig ” Wo 
12 . are two. equal 8 given 


in magnitude and poſition, it is required 
to draw a circle to touch them in OE, 


and t e —(. 8. figs 1 


rect the petpendiciulars' TO, to, ay 
COS their interſection © Ok) TO, 
deleribde the circle” TPU ee * ing is 
"The" arch roo; | (0. lw. T. XIII. B. 10 8 
and 10 touches AT in T, by conſtruction; 
_ 14 55 T. XXII. B. ) it ' touches At. 
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Let AB, AC, be two cireles of equal 
curvature on the ſphere, touching * 
given circle TPt in T1 and, t reſpee- 
tively, and B C a third circle of equal 
curvature with AB and AC likewiſe 


touching the circle in P, intercepted be- 


Pas 
. 


ͤ—K— 
n 
= e " POTS" nd . 


2 % Wet 


* 


Pry 
_ — 1 4 , 
2508 H I * r 2 7 
= * FR — ” 
| wy 
* 0 d 
5 * * 
you I”'s 
* 9 
- = 
. * 
— 
* 
0 « 
* 
| 


1 deen A 0 and A RN 06 uut all chen 
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For uch „ resse . 
and p- bt. (G lv. K. II * ) 8 
doe ATSAC4CP,/At=AB+BP;: n= 5 
| 2A TzxA T AAN HOB. 165 ü 
n, ATA es ep. (0. W. 3 
| T. NAI. Bl) Alb,'.At=Ab>tbaabs 7 
{ Hence, 4AT=AT+At=ActAb— N 
'' be ius points taken in 
1 n i hy 
\ & "pill the perj ae 
| be 1 conſtfant quand = | 
471 ab Tas the differente "between the : 
three ſides Mc+MN+Nb, and he fourth © 85 
1 be, of the trapezium 1 . alſo 
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8 lk AB, AG, vg two. arches of equal 
. curvatute, both concae or gonxen to 
2A Y. and touching. it it t in 
ZZ reſpectively: Then, if from the 
= | point A, we lay "off, A D equal. to 
RM. AD; ' alſo, from D, D. erect perpen- 
 diculars to AB, A ene "in, G3 
alſo, wich radius D G and center G, 
„ deſcribe the ſmall circle Dt D. (P. Il 
es: oh B. NI.) 1 fuy a third-arch B G of equal | 
_ curvature and concavity or convexity. | 
With AB, AG, and touching the two 
1 | circles in 'T and t reſpectiveiy, will in⸗ 
3 terſect AB and AG in B and G, ſo 
wt BG.mall le equal to f D.—(Pl 4. 
5 fig. 1. e „„ 1 OM  eagh | 
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C A 0 AB+4AG—BG=2 AD: Gbid.) 
J Whenee, . by. ſubtraQion,. 2 BGA. | 
AD=aDF; nfs quent), BG=DP. N | 


„cok I“ The! Alan BfG. 


Since BD Bt and PD SBG, dy- t. 
van. B T=BP=PD—BD=BG—Bt=t6. 


- COR. H. The arch I ie equal td the 
difference of the fides AB, AS; e 
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„Pen AB, produced, lay off AV.= AB+ 
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+AB+BP= Pl Bob Bk Qi 
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. Sn 4 e By: within the . ſphere, 
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AP, VP, IP, be drawn to the cir 
cumference; the greateſt is that PA, 


which . through the center C, and 
thoſe as IP. nearer to PA, are 


greater 
thoſe,” 40 VP, hit re e fupther of off; 
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drawn tb cut it. Of thaſt which paſs 


i che chene dupetticies, the — 


that PF which paſſes through” the tente 
C of the ſphere, and thoſe nearer to 
PF, as PI, are greater than thoſe, as 
P V, which are further of. But of 
thoſe that fall on the convex ſuperf 

the leaft is that Pe, nen, vir wry 


the eee f. L520 
Ne Ph, | 15 e 
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Ate terminated at the ſurface 
AD BF, che rectangle A B, PB, of the 
parts of che one, will be always ne | 
do che rectangle of the parts DP, PF, of 

the other. And univerſally the ranges 
of the two parts of all lines 


Aer e fig. 6.) 
Cosechbe 4 plate io be Men U hrough 1 
and the centte C of the ſphere, forming the 
great cirele A BD; and drm | its düster 
DO mhiough/P, me point of  InierſeQion 
—— —— AMES 
DP. PT. (35, II. E) enen ie 
Again, through any. ef de other intetteding 
lines G and the center C, conceiye another 
plane to paſs, forming the. great circle DGFH. 
Then becauſe the points C, P, are in this lat- 
ter, plane, the line CP, and conſequently the 
Whole rag Derr are in the ſame plane; 
bo age DCT is a diameter of the citcle 
GF, of w — ts | Therefore 
— GP.PH=AP.BD. 
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| And to the extremes I, 
1 3 tkeſe will meet in a point 
A, ſo that the cones IAE anf, AA 
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ſo fofmed, by drawing lines frbm A- 
every point in each circumference, will 


be nian (Pl. 3. fig. 10. 17% Mivr 
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© Becauſe the 58 I, i, d, Q, ate in the 
| kame plane Jof dhe great circle IQVWO; the 


nes 1 Qz dq; will interſe@t each other 


in me 3 And ſinee the /points 1; i, 
% Q& are ill zin the! fame icirele wei have 


Li A n Aqits) AOC (C. 36. III. E) Allo, 


ſince; the planes of the eircles Ii and Qꝗ ate 


perpendicular to the plane: of the great hp 
OV; (converſe of G. HI. T. I. B. I. 


1 L)':the ſectiond made by wa 
„ -(by conics) cut the ſphere in ſub-contra 
2 conſequently,” the cones 1A 


and A Q are ſimilaer r: 


0OR. I. Of the wo common ſections of 
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a ſphere and cone, if thei one be a circle, the 
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1 from ang 3 4 wichin 

without ai given ſphere BFI. unk 
ne Al bei drawn, cutting the ſphere 
an H and procuted to V, ſo that A may 
ber to. AN im a given ratio The point V 
will always fall in the ſurface of a ſphere 
th ne in eng — l. 3. fig. 20. 21.) 


| ey off nn IF 
| Ie TB be wk geen cirele of the ſphess, 
and” thioagh the center D draw the indefinite 
By in F I, draw the right ine A B and 
thereon. produced,” take) A C to AB as AGA 
AF, che give ratio; then will the'/ points 
G, C, fall- in the ejxcumderence:- of u cirele 
* in poſition. - (Apollonius on plane : Iwci.) 
Again, nh 
vA 0 1K 42 AG: to. AE. Wow, the pointd, 
AIVG are in the ſame" plans; und (by 
Apeltonius on plane 16d) -the point. V, in that 
plane, falls in a eirule, 'V Gy gien in poſk, 
tion; and hence, ſince" the dirde Fi=F'B, 
'tis plain the circle GV GC; conſequently, 


a bg. & v. e the danger of 
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Let Ga A be . 
its center, draw AI GE, ſo chat FAG 
may be equal to 4 given \reftangle; and 
euch draw DB E athightongles to 
Ia: Atfo, 1 e e thereto draw 


| 1700. Do 'QE 
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line aicb be drawn — 5 the 2 
ference Ga, paſſing chrough the axis 
QO in i, and touching the ſurface of 
che cylinder in b: Alf, thereen be taken 
ac. abe FA, I fay che point c will 
fall in che furſute of à ſphere, of Which 
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GA is's est eirde; and. ir the line | 
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in B: Alſo, through" a, I, draw a Ig f-mect- 
ing the circle Aa in g, and the eylinder in 
f. and join b, f. Take BA CFA d, then 


vill the point C. fall, in de gircumference-of = 


A circle G CA, given in magnitude and pohi- 
tion, (Apollonius om plane loci.) Again, be- 
cauſe Ia IA, and Ii common to ae 
lia, Ii, and the angles at I both right, the 
angle fab. FA B are / equals, Alle, fince 
fa=F A. we have ab=AB, and ſince ac, ba 
=FAG=AC, AB; conſequently, ac AC; 
therefore, the point c falls in the circumference 
of a circle gea= . a UE ne” 1 
de ſphere 9 6 NE 
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a a givin; ola —— e or 
_— a given ſphere, the lines A B, 
AC, and Ah. Ac, are drawn in the 
ſame ſtraight lines, meeting the; ſurface 
of the given ſphere in B and b. teſpec- 
tively, and making the rectangles; BAC 
_ =b&ACc equal, to a. given one the points 
C, c, will re fall in the ſurface of 
another ſphere, given in and 
poſition.— (Pl. 3. fig. 16. Fa IRS 


DFE of the given ſphere 
given point A, and J 


ference again in F.; then ( 
loci). the ohne © falls in 


revenge 


llonius in plane 


a circle 1 . 


meeting b A c in f; then, . | 
e falls alſo inthe” circumference of a circle. ha 


given in magnitude and 


BAC=bAc; the points G, 
' circumference of equal circles. 
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| 8 Figure in fad to be inſcribed in 
a ſpherical circle, or a circle of the 
„ ſphere circumſcribed about a figure, 
| when all the angular points of the figure 

are in the circumference of the circle, 


8 and the lines of which the figure is 


; 
* : 8 - 
; | 


2. A ſpherical circle is faid to be in- 
ſcribed in a figure which lies wholly 
within the ſurface of the ſphere, or chat 


figure is ſaid to be circumſcribed about 
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. .Prodyce BD to E in C. Then (by-'T; IX, 


B. I.) ABA Ene resten than B E. . To 
each of theſe add EC; then BAT AC, are 


greater than BE+EC. (A. 8.) Again, CE 
DE, are greater than DS, add DB; there- 
fore, BE+EC, are greater than BD+DC; 
bid.) much mare then Win, R AC, be 
WE aan TRIO I: I 


- Bret 115 1 0 A bis 9 Alito ir 


e ee rn aig 1 1 5 . 
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. If from two, give 
ER W aa 42 i 
circle. ER Q, .qws.,great e 

be drawn:ito meat. on und make . 
angles AEQ, BEI, with the ſaid circle. 
The arches fo drawn, taken together, 
ſhall be leſs than any other two, AG, 
BG, drawn from the fame points, to 


moet on the ſame. line Fer. + 873 * 


Fer let W 31 U perpendichlat to. 
PIQ, fad ie AT Ye pred omen ls 
V. Alle det V be drawn. ie e een 
Becauſe the angle VET AEG. Kr. xm. 
KI). VEI=SBEI,. * 10 -and_ ſince #4" 
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COR. 1 Let RTI. da any curye CONVEX. 


to PE G, and touching it in Fi: oFber ſum 
BE AE, will ſtill be 22; mininums, -, 7! 7 2. 
Ta an other point I. in R EE, drawithe 
ardies B E, AL. including BG, .A G!: Then, 
AL AL; ze gteatern han BGN A1 
(T. Ik NIV.) and;.; conſequently, much greater 
ee dl no Iatpony "ons folons 
COR. Il. Draw EH perpendicular to PQ: 


Then is angle BEHA AEH, when . 


EA is a wee 
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* Tir be deen den let, one petit 
” which the angles "BE A CEA, . 


n , 
be the requited "one. n ad 3 


Upon the center A, rene} E, A 


cumference of à eire de DE be drawn, Ind 
let D be the point in it Where the angles 
avs and ADC are equal. N n 
Becauſe BDY DCS are led tha BEA EC; 
(. U. 7. III. B. IV.) therefore} ADK BD 


DC- alfo are leſs than AE BE +EC, which 


is abſurd; ' therefore, - no point at which! the 
angles are ber der can Las the required one. 
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The greateſt. great cir circle ſpherical. i- 
angle AI Q. that can poſſibiy be contained 
under” two given. arches, and any other 
arch Joining their ertfemities, will be 
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8 II. 16 inte ſum of the angles in two + 


| of great circles are : 
* their me vl do” l god: the © tes 

Draw the arch AC. G. I. B. )))) 
Since the triangles: A GG, ABC, are equal, | 


0 


(C-U. 7. y. E. IL), de fam of their — 7 


"equal. LAB. IX. B H.) 
add the angles of the 
the ſum of the angles in the figures ra 
E ABCD, be equal. ( 
The cohveiſe is evident; - e OL Ons E 


ina: MET RY San WIRE ol Mes” | 
Wea , * tz n 1 7 q {Yves EAA 4 2 1 £4 
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a DE then 1 ths 


equal to the triangle ABG J. 


DEM. The triangle DBE E is equ Dc; 


) - N ” FT 1 "IP FM 7 8 f 
Sn d TO1N a is 
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122 l ConrrvcTon or 
8 233 : | 9 as N 1 85 8 STIL | 15 | | 
(C. I. T. V. B. I.) to each of theſe add 'the 
triangle e . Is we OREN + ADE= 
5 ABC. 36 > CI VAR 5 | 8 7 


= 


1 "With two given 1 A, B, on AY 
LS OS n eee nn 6. tig. * 


me 53 | endLIN m. 


* 1 5 wy Mar OF: . * : * U 245 


ANAL TSS. Supp the dig Soak; n 
1DCE- is the rectangle required, having the 
ſides IE=DC=A, and ID=ECG=B, pro- 
duce DC and IE until they meet in V and I.. 
Since DC is given, VD=LC=LE=1IV 
are all given; and becauſe. ID is given, all! 
dhe fides of che Weg e and 4: 
Wn ON. Wich the given une IV, vd, 5 

IIb, make the triangle 1 VD; . L B. .) 

55 and on VI, VD, produced, lay off IE and | 
99 reſpecivehy, each equal the arch A. 
ULDoaaſtly, through E, C, draw 6 
wy and the thing is done. 

ON IE nen from th ar 
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mph. of given eurvature, to cut two 

other” *cireles LI, O B, given in gn 

tude” and e jo Bras . 
mri 

5 Do. -n . K. 1g 

t Tit J Suppo bee the 91 ing 28 e, aþd 

through A, the centre of VI . 


* 


is 


7 


815 nonnoq 


D, the centers of the circles LI and O B, 
draw the arches A V, AQD, meeting the 
circumference VI OD in V and D reſpec- 


3 


6 much; and Jain N n 
_ -- Since the: angle” LIV js given. 


digular OV upon i V I is alſo given, (agen 


| Ep P. X. B. I.) as 5 allo- Da on "Ws upg 
1 O. „ | 
4 Þ Again, dne A V is res regel 
MA AV),—QD, are each g 
| sche uch QC is d OY. 11 95 — 
„ the Whole Angle AG 
id Hence the folloyipg 8. 
CON, Upon 60. 
angle; A&R E. J. N. HL) and produ guce 0 
el YL. Lai, with, radius Av, aids - bg 
| Ax teſcripe | the eirchnference V.1.O D., which 
I will cut. L1 in 1, and DO, 9, ths, wi 
3 Sanni. Ar nn aa ICH > Fer 


3 


"contract 5 2M 


$4 $5015 14 
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COR. 1. Hence to conſtruct a ſpherieal tri- 
Ale PLO, of which all the angles and cur- 
ature af the ſides: are given. Join one of the 


given angles IF O, and by che foregoing | pro- 
poſition draw the arch VI O of given curva- 


ture, meeting the” former arches in given an- 
Mann 


9 Sas of 
of ov 
7 . a 5 : L 3 1 
* . " - 3 . 3 , ; f L i * 
« 4+ , s 1 K 4 1 4 8 - 5 
. ; . mY * — 


2 

5 
= 

— 


roku „ 


10 dae a "pita Viren ſpherical eue | 
ABD G. equal to à given great circle 
ſpherical | Keen = 3 H e 7. by. 
3 VVV 


coc. on le ck A D, Aden . per- 
pe ndlcular O B. (P. Vil. B. I.) and draw 
3 D, cutting 0 5, OD, each in an angle 
00D. o DB ne Agi of the ſum of the 
interior angles of Lo is gon EFG HI. (C. I. 
T. 1) * 
Pfroduce B O and OD, and e the tri- 
angles C O b, COA. A OB, each equal 
Op. E. L. B. III.) and the thing is done. 


” DEM. The angles O B D, *OD'B, O'CD, 
e be. are all *&qual by conſtrugen, 
md e there Fits viz, eight times 


1 


320 
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, equal the ſum of the interior angles 
of 'the-polygon'E F.G HI: Bape. Een 
Also, fince the angles at o, are all 
angles, and the ſide B be- esu 3 


F 


de figure. SRI . 8. ſquare. 4 go 


; £578 s on Ops in Naser Iopprodkit. 
Ae ene 8 P1189 894th 


A 4 7 , NN vol : iy? knorr EM e. 2 e Ty if Lay * 


* 44 * "__ 7 . 4 45 
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_ With two given angles A, 'B, toi make 
A ſpherical having one of 


„ 


I 2 fades equal. to A given arch hc of 
2 given nee peg EE 19 


b | nnn 421 
1 — 9 8 _ * -28 *% | 


e- | ANALYSIS: Suppols = thing done, and 


"Fs 


that EF CD js the required parallelogram; 
having the given ſide d D, and the angle 
1 FCD SA. and angle C DEB 
. Produce 70 and DE, bech van ie meat, . 
pie in V and 1: Then, becauſe, angles FCD, 
EDG are. giren; DCI is alſo given as. well 
as CDI; and, 8 ky. Ne Wa + 
CN. Upon CD, lay off the angles Del 
Dl, and produce 0K and DI, till they 
west in L and V. From V, ln off, VF=DL, 


e FE=Cþ. Nh, den E. F. vin 2. 
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circle of equal curtature with DG: G. VI. 


R. I.) Then i EFCD,/ he's  parallclagram 
required. 55 Fon 2 5 COT) {ft G 2805 10 


wy M — 715 5 R 2 15:05 13 93 f = 5 ABD 


4 - 


_ a w_) arch 765 's 1 
ſpherical parallelogram equal to a given 
great circle ſpherical Polygon B ACP Wh 
and having an 8 gg to a given 
angle Vx 5. fig. 15. 17. 23.5 * 


"15 97 1 PE . 5 2 719 ow 


* CON. On oy "frag Y. eo off be len 

A, C, D, EIB vf Ge yolygon,) u f Wie 
the angle V. Biſect the remainder, and call 
its half H. From G. lay off © FGL=H, 


and cotapleat the cn ee 
F. VI.) and it is don. 


DEM. By cotiſttuRion, angle rev, the 


given one; alſo, F +G +L+K=ASC+D. 


+E + B;- therefore, the areas 5 * 20 
ACDEB, Res Wi ty Bull) 


2 Tt 1 5 dee : 14 2 & 7 
W #T be: J 2 
e « "66h Fun, en 
Ly : * 5 + 4 '+ 11 
Va 4s 4 —— 4 * * l wt 


"kde, 1 circle TV of given em 
uſo" on the Where. ©o*rouch Thee: circles + 


+ THT Aras 25 
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tion. (Pl. 3.5 fy. * 6 4 55 CTY 


Pe ue" of © the | given circles I A, 3 
ſpectively. From © % Caen the greit 
; CF. L Bt) aud join . * 
with great circles, and produce he urches 
V, till they meet in F, which (becauſe 


be the pole of IV. (C. H. P. V. B. f.) 
Again, ſinee OV and VO, as well as 1P= 
2 v. are given, PQ=PV TVA, and P 
+ PI + FO, are alſo gen; and alſo che ut. 
angle OP Q i is given. Hence the following 


CON. Having formed the triangle O 


(P. I. B. II.) about P, as a pole with the ra- 
dius--P I, - deſcribe the circle IV, which will 


touch the circles IA, BV, in I and V, the 
you required as is * from the ah. "2 


PROBLEM Fo 


* * 
* 


FRY e Ans PR 
Fog an arch A B, equal in length wad 


curvature, to a given arch R, — 
chord is To than the chard of the Ha- 


— 
* 
- 0 x: 
. 
4 + 1 
OY 
- 
© It — 
5 
4 
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2 N given ape . | 


ANAL SIS. — det "0, 1 hs Y 


cheſe urches are both dere e 40 15) will 


a "Y c : 0 5 N W. d * 15% . 
. : ; f - 5 ; . 8 . 73 4 As — - Bs 
fe 5 ; JG | „ ne n 
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228 THE n or : re 
werer of ADBC) and which hall FAY 
through ix given * P. (Pl. 5. fig. 16.) 


„CON. Inſcribe ms arch CD=RS,. in 
ADBC, upon which from the center O of 
ADBC let fall the perpendicular OF. With 
radius OF and center O deſcribe the ; circle 
FE. From P draw P E touching FE in E, 
F. IXI. B. I.) and produce it both ways to 
meet the circumference in AB. ſo . * 
be the areh required. Wy 

DEM. n 
to EF at E and F3z_FD=CF=BE=AE, 
(C. I. P. K. B. e e Aer 
"35 am le | 12 


. . * 2 . 
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PROBLEM | ; 5 


1 
1 * 75 Ws $3" \ c "2 1 


Hug two concentric circles B A - 
and L RQ. of the ſphere given in 
magnitude and poſition ; and. alſo, a 

given point P; it is required to The: 
an arch CQ, of given curvature, 
_ through. P, ſuch that the part AQ, 
that is intercepted between -BAC and 
LA Q, may be 9 2 Ou ee 
| e lig · 3.) 2 


2 
= Y - I 
8 * 


on Fd 
* 

3 a 

in Tt: "Att, bin P. o, 41 P. page 
Fg 
” "ot 4 4 ; x 8 * 1 7 . 7 74 2 pe) 5 8 5 
5 Wh 4 kd : : 12 R N 122 3 4 3 2 2 30+ . BY 
- *4 
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EY 


- ANALYSIS. / Suppoſe the thing done, and 
from the common center O, draw QO, AO, e 
OB; F. . B. I.) alſo let fall upon AQ | 2 
dicular O E, which will biſect the 1 
arch A B. (C. II. T. XX. 1 Now, de. ; 
cauſe the arches A O, O Q, and AQ, ar a ol 
given, the triangle. AQO, a well as the 8 
perpendicular OE, are all Siven; and, hence, 
AE and its double A B is given; - whence 


* 
- ” 


the propoſition is pe a rw Tr 
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Through a given point P. 08. ib" © 


ſphere, to draw an arch AB, of given 55 9 od 
curvature ſuch, that the parts thereof 
AP, PB, intercepted by that point, x 
and the circumference of a siven circle 
A B ©, ſhall” have. a given difference ef 
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Then, ſince Q is perpendicular 8 
Al. is equal. 46 TB. (C. VII. T. X. B. 1) 


and, canſequantly, PI equal to half the given 


difference between PB and AP. Again, ſince 


PQ ig. given, and the angle I given, the trian- 


gle P l is given; and, hence, the following 


CON, On-pi, equal in length and curve- 


ture to PI, ereft_ the perpendicular i di and 
from p, with radius pq equal to PQ, de- 
ſcribe an arch meeting i d in d: Alſo, with 
center p and radius po, equal to the given 
arch PO, deſcribe an arch cutting iq in o. 


Again, upon the haſe PQ make the triangle 


'POQ=poq. (P. I. B. I.) Laſtly, with 


the radius PQ and center Q, | deſcribe the 


arch APIB cutting A CB in LAS and the 


CO 


' PROBLEM. 11. 


BE is a given leſs circle, ob an arch 


drawn from the center © given in mag- 
nitude and poſition ; it is required to 


draw an arch EF from the circumfe- 


rence BE, and meeting the circle M N, 
8 in magnitude and —— ſo chat 


— ——— » — — 4 — 0 . 4 . 1 A 5 4 
e , IS bw a Ron, VA 
* K as. ea It 4 "Ms 4 
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* n aol 2g 
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© i. 
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DC, 


1 
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BOOK 7. 
joining c. 
"CTDF Wen be a 


7 


- 2 B % 
SA 
4 * - . $ Þ 
1 # * þ 1 1 n 4 
Fey * 2 . WH 3b 4 


CON. From D, with racius DF= =CB, de- 


ſeribe an arch, meeting MN in F. Alſo with 
radius FE=CD, and center F, deſeribe an 
arch, cutting BE in E. Laſtly, join EF, and 
C, E, and the thing is done. ph 


= 


DEM. By conſtruction, DF=EC, and EF 


o 


Suppoſe FC any curve formed on 


ED any circle given in magni- 
tude and poſition, and KER a great 


circle paſſing through 


roku Ein. 


elogram. (D. 3. B. n ) 


the TW CEDF is a 


— 


' * bw 1 1 1 l a 
4 4 25 3 > . # = RS. 


D, and any given. point R: It is re- 


> 


quired to draw a great circle. KDG 
paſſing through K, ſuch chat che 
zmerſected berween the curve f. 
and" the arch ED, 
given arch AB. — K 


the center of 


- 
— — 


=" of 
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„cox. From K lay off KP upon K R, 1 
half a great circle; and from center P., with _ 
radius PC=KP—AB—EK, deſcribe an arch, 
cutting the curve FC in C; through K, C, P, 
draw the arch PCD K, and the thing is done. 
DEM. PC+CD+DK=KP=PC+AB+ 


Ek by conſtruction; and ſince DK=EK, 


by the OO: of N therefore b 


205 . rob xiv. 


„ 


"Sian a given point P; ka” A 


curve CF and a great circle AB, both 


given in poſition, to draw a great circle 
FPE, fo that the parts thereof, FP, 


PE, intercepted by that point and the 


two . "hal: Ke 5 _ (FE 6. 


vg. 6.) 


co. [Through P 0 gn point G h AB 
draw PG, on which, produced, take PH 
PG; and through H draw the great circle 
b H, making the angle PHb=PGA, and 
meeting the curve in F. Through F draw the 
great cirele FP E, * AB in G,. and 
the thing is done. 
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DEM. The triangles FHP, G PE, having . 


the fide PH=GH, and the angles P=P, and 


ſi | ; T: 
8 he 1 
FHP=PGE, Are milar and eq ; „IV. 
* 4 3 
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In a given circle of the ſphere C 1 H K 
to deſcribe three equal circles E, F, and 
Q, which ſhall touch one another; 8 


o, the g of the given circle. 
(PL e art} e LS 


. 
4 
f &.4 4 © 1 
. - + e * A p — 5 » ww 
* 
4 i 4 : 5 
= * * 8 


AN ALYSIS. Suppoſe the d 
Wap C, the center of HKI; through the - 
centers F, E, G, of the inſcribed cir, 
draw the arches CFI, OE H, and CG 
Alſo, from C, through m, n, where the 
circles FE and E G reſpectively touch each 


. 


other, draw the arches CmV' and CO. 


1 


* 
1 


meeting a ſpherical tangent at H, in . and O 


HC k, are biſedted by CV and C 0 
tively, the angle C VO vill be equal 
=HCK=KCI=60%; and finee the perpen- 
dicular HC is given, "the triangle VCH, 25 
well as VCO, is given. And by a 
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ively : Then, ” becauſe the angles rom 
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proceſs, pen, gpm} ee onde 


e 


PROBLEM XVI. 


To find the center of a A L, to 


| paſs through two given points A, B, on 


the ſphere, and cut off from a circle 


ANALYSIS. Suppoſe the thing done, and 


draw FED, the chord of the required arch 


FD, and in any part of the circle FDP, 
hy off the chord GHI=FED; and from 


ide center Q, of the circle FDP which is 


in the plane F D P, deſcribe a circle HE to 
touch. CHI in H; and, conſequently, its 
equal FED in E: Alſo, through A, B, draw 


_ © the chord AB, which produced, will meet 


E D alſo produced in ſome point C. For the 
points A, F, D, B, being all in the circle 
FD B, are conſequently in the ſame plane 
ADC. Again, from C to any point P, in 
the circumference FDP, draw the right line 
CPO which, becauſe the points F, D, C, P, 


| are in the ſame ſame plane, will eue de circum 
| rence FDP ſomewhere in O. 


2 


29 


reren 


BOOK Is 


M in be — of thy bane Ende 


de e e e 5 

N ' Through 4, B, draw un  cirel 
b in O and P, and through O, P, 
draw the chord OP meeting A produced in 


C. From C, draw the right line CDEF, 4 

a tangent to the circle HE, deſcribed as be- by 

fore directed; then a circle drawn through : 
= PROBLEM. VIE. | 

Ta find the center of A circle L. to 

paſs through two given points A and „„ 

on the ſphere, and to touch a circle 

OEP n in Pere and poſition. | 


CON. mess 5 N drs u 
eeirele OA BP, cutting the ende 
O and P: Allo, ah 


; OY © THE CONSTRUCTION or W 
2 tangent to PE in E. Laſtly, through the 
points A, E, B, (5. IV. E.) draw the cirele 
AED, and the thing is done. 25 
DEM. By (C. 36. II. E.) AC.BO= 
OG PC=E C2! Therefore, E C is a tangent 
0 both A BE and OP E at E; (36. III. E.) 
and, conſequently, theſe erde touch each 
. at at Ws; „ MO oe 


* 


| PROBLEM. vin. 3 


a. a given N p, on hs | 
Py, to draw a circle PV I, to touch 
two equal circles EVE, EI F, given in 
N e 1 polition.—(Pl. 6. ig: 80 | 


AN Al Sts ge the thing Nu avid : 
Sa; E, F, che given interſeQtion of the 
two circles, draw the chord FE, and produce. 
it till it meet "the equal tangents VA, A I, 

drawn from V and I reſpeQtively. From P, 

__ tet fall the perpendicular PB upon E F, and 
produce it till Bp=BP: Then, fince the 
points P, p. are at equal diſtances from FBE, , 
and both given; a circle paſſing through P, p, x 
and touching FIE in I, will alſo touch ** 
W reduced to 
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571 W A. given point P "OI to. {dow 'F 
2 circle P VI on che ſphere, having its 
| center L in a great circle F LE, green 
| If) poſition, and' touching another circle 1 
FVE in I, given in magnitude and | 

Poſition. — (PI. 6. tg. 11.) 
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«is before, and from Q... the center of F VE, : 
let fall the perpendicular QC, and produce it | 
- till QC=C O. Laſtly, with radius O01 Q. 
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CON. About O, as a pole with the given 
ſum or difference E O, deſcribe a circle E B, 
and, (by the laſt problem) draw the circle AE 
pafling through” A, to t6beh E B, and have 
in inter in- Bu. LA, Jein A, L. and L., 
O, and the thing is don. 

DEM. Becauſe AL LE; then, I 
LA=L0! 4 LE= eee Kaen 
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hag BDbd, touching the convex ſuperficies 


of a given cone BAT on the ſume fide of the 


xls, or the produced cone BAI, bAQ, on 

oppefite ſides of the axis, in any two points 
B, b ; then will the line Bb He wholly within 
the ſurface of the cone, and (produced if neceſ. 


far) paſs through its werter A,(PL.6. fg. 13.) 
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of it in to points, B, b, it mult neceſſarily 
touch it in ull the points of the ſtraight line B b, 
lying between B and b; and conſequently the 
line Bb muſt lie wholly in the convex” ſurface 
of the cone; and ſince all ſtraight lines lying 
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to N a circle P B b, to touch tW ao 
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poſition, —(Pl, | 6. fig. 16) gn ft 7. bg: 10 
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5 1818. Suppoſe the thing done, 
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which, becauſe the lines BP, bp, lie Nn 
ſame plane, and tauch the 12 War, 
in B, b, will (produced if neceſſa) 
chrough A by the preceding LEMMAs, Paten 
Here then it is plain that the points BPAb. 
are all in .the fame; plane; and the point A 
being given, (T. Xl. B. III.) i through P. _ 
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we « draw. PA, A, meeting, the ſphere, {produced 


if if neceſſary) iN then fince 1 KA. GA AB 
b ASAP. Ap, (C. 36. II. E. and 35. III. r:) 
that point p vill alſo be given; which, lying 
alſo in the plane P Bb A, muſt conſequentiy 
fall . 
n 
Again "if on the initdle D of a great die 
through the given points P, p, we erect 
2a perpendicular DL, this will meet arches 
* through B O and bY in the center I. 
of the cirele B P. (Converſe C, VII. T. XX. 
B. ) and DL will be given in pofition. 
Laſtly, fince, BO+QL=LV+Vb, l. 6. 
fig- 160 then LV=OL=BO—Y b, a: given 
quantity; and ſince LV=LO+OB+Vb, 
(Fl. 7. fig. 1.) conſequently, LV 1, 050B+ 
IVb, is; allo giren. bene this problem is 
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. circles A and B, and and center B, of the 


fecond, deſeribe the cirele G g. a with 

radius CF roy 

of the radii of the greateſt. and 

and D, - deſcribe he” circle Ff. 
Ag hrbdgh) A Abe bd Abt that 

circle, deſcribe the circumference A G F, touch · 

ing the circles G g, Ff, in G and F, (ey the 

laſt problem.) Laftly, © with: its center E. and 

radius HE AE AHA, deſcribe the circle 

HIL, and the thing, is done. % 
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draw F D, AH, and BG; be AF 
touches Ff at F; the points E, FE, D are in 


the ſame great circle, (O. III. T. XVI. 5.40 pd 


ince, by conſtruQon, the part of FD cont 
between the circles D and Ff is I 
=FI, alſo, by conſtruction; the Pein 

fall in the circumference of D, in the * 
great circle FD; and, conſequently,” HY will 
touch the former at I. And in in like nner it 


at I. Laſtly, fince HE paſſes 
"AE HA; Mr ae wi 
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A If he angular an 
great circle | ſpherical; triangle A B C, Bl 


great circles, by their" Nes lciend) will 
form another triangle F DE, Which is 
called. ſupplemental to the. former, chat 
is, the ſides E D, 'DE, EF, are the 
ſupplements of the meaſures of the op- 
polite angles G, B. A, of the, triangle 
ABC, and che meaſures of the angles 


F, D, E, of the triangle F D k, will be 


Ba, in the "triangle =. 
N „ 14.) nt vx. NHS 0 


104 1th: ir ame n 
Let A B, produced, meet D E, E F, i 

G, M, and AC meet FD, and FE in KT. 

and BC meet FD, DE, in N, H. 
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Since A is the belt _—_ ST the each 
A paſſes through A, ET will paſs. through 
the pole of AC; and ſince A C paſſes through 
C, the pole of FD; FD will paſs through 
the pole of AC, therefore, the pole of AC 
is in the point F, in which the arches. FD, 
EF, interſe& each other. In the fame manner 
D is the pole of-BC,- and E the pole of AB. 
And ſince F, E, are the poles of AL, AM, 
FL, and EM ane daadranis, and E L, E M, 
together, that is, FE and ML. together are 
equal to a ſemicircle. But ſince A is the pole 
of ML, ML is the meaſure, of the angle 
BAC, conſequentiy FE is the ſupplement of 
the meaſure, of the, angle BAC. In the ſame 
manner ED,.DF, are the ſupplements of the 
meaſures of the angles ABC, BCS 4. 

Since, likewiſe, CN, B H, are quadrants, 
CN, BH, together, that is, N H, B C, to- 
gether, are equal to a ſemicircle; and ſince 
nien een NH is the meaſure of 
angle F D E is the ſupplement of the ſide mw 

In the fame manner it is ſhown, / that the 
| meaſures of the angles DEF, EF D, are the 

fupplements of the ſides A* * in * 
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v, meeting 6 in V fach, chat dhe ſom 
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B. II.) draw ihe ein and parallel einher 
a B V and C 1 A. Laſtiy, with radius 
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the obſervation, }. contained in , SCHOLIUM 
P. HI. For having deſcribed. about the points 
A, B. C, 4b poles, the great cireles FE, D E, 
and D F, (PL z. fig. 8.) then, ſince the ſum of 


the angles G Ay and B, are given, the ſum 
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Here the ſum of the angles A, 0 B, being " 
CORY” given, we have this 9 
CON. Having made the triangle 98. 
and drawn the equal parallels AVa, CLB (as 
in the laſt problem) about the pole 1 of the 
great circle CQB, deſcribe the parallel AE a 
at the diſtance AI = the complement of the 
given perpendicular A P to a” quadrant ; 
through A, where this interſects A Va in A, 
draw the great circle TAP, meeting CB (pro- 
duced if neceſſary) in P; and join 2 E, 
ad A, B, and the thing is done. . un 

* DEM. It is proved (ſee the laſt problem) 
that” triangle 'CAB=CVB= the given area; 
and AP 15 by conſtruction the complement 
of AI, is evidently equal "to che given per- 
pendicular 
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CON: Having laid off the given vertical 7 
angle V, draw b O and O a reſpectively, „„ 
parallel circles to B V, 
diſtances of the perpen lieu 
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_ © PROBLEM x.. 
7 
Given the vertical 
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jacent ſegment of the baſe made. by A 
let, fall thereon, from the 
vertical. angle AV- AP and VB—PB, 
to conſtruct the great circle { heric; U 
triangle AV B. — (Pl. 6. fig. 17. 
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